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   winamdebare leqciebis kursi specialur da zogad fardobiTobis 
TeoriaSi, romelsac avtori wlebis ganmavlobaSi kiTxulobda 
e.andronikaSvilis fizikis institutSi da bolo dros ilias saxelmwifo 
universitetSi, miznad isaxavs gadasces mkiTxvels kompaqturi Tanamedrove 
kursi nawilakebisa da velebis klasikur TeoriaSi - ise, rogorc mas 
vxedavT dRes samyaros fundamenturi kanonzomierebaTa aRmoCenisa da 
Seswavlis Sedegad bolo aTwleulebis ganmavlobaSi. Ees aRmoCenebi 
migviTiTeben fizikis unikalur universalurobaze da im ZiriTad simetriis 
principebze,  romlebic ganapirobeben fizikuri sistemis evoliucias imis 
ganurCevlad klasikuria es sistema Tu kvanturi, elementaruli Tu 
Sedgenili. 
    

 
 
 
 
 
 
 
 
 
 
 
 
 
 



7 

 

 

 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

 I. sivrce da dro 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



8 

 

 

 

I. sivrce-dro: fizikuri safuZvlebi. 
 
 
 
 
1. Sesavali. 

 
 

a)  aTvlis inerciuli sistema. 
 

F fizikuri samyaros kanonzomierebani uSualod arian damokidebuli 
aTvlis sistemaze, romelSic xorcieldeba MmaTi eqsperimentuli damzera 
da Seswavla. radgan fizikuri movlenebi mimdinareoben sivrcesa da droSi 
umartivesi aTvlis sistema iqneboda sistema, romelSic elementaruli 
fizikuri obieqtisaTvis (efo) mTeli sivrce erTgvarovani da izotropulia, 
xolo dro erTgvarovani. NaseT sistemasE uwodeben aTvlis inerciuli 
sistemas. 
   Cvens mier moyvanili ganmartebidan gamomdinareobs, rom Tu ganvixilavT 
aTvlis inerciul sistemas dedamiwis maxloblad, masSi ar unda 
igrZnobodes gravitaciuli Zalebi. dedamiwis gravitaciuli velis 
araerTgvarovnebis gamo, erTmaneTisagan did manZilze moTavsebuli 
nawilakebi ganicdian sxvadasxva zemoqmedebas dedamiwis mxridan. magram Cven 
gvWirdeba rom meqanikis yvela kanons hqondes martivi saxe nawilakTan 
dakavSirebul aTvlis sistemaSi. amitom saWiroa moviciloT yvela gare 
faqtorebiT gamowveuli fardobiTi aCqareba. “moviciloT” im gagebiT, rom 
am aCqarebebis sidide daviyvanoT dakvirvebad sazRvars qvemoT, raTa igi 
gavlenas ar axdendes moZraobis ZiriTad suraTze. es SeiZleba miRweul 
iqnas sivrcis sakmarisad mcire aris arCeviT, romlis SigniTac obieqtebis 
fardobiTi aCqareba mcire iqneba. 
   rogori maRalic ar unda iyos Cveni xelsawyoebis mgrZnobiaroba, Cven 
yovelTvis SegviZlia aviRoT sivrcis imdenad mcire are, rom fardobiTi 
aCqarebebi aRmoCndes xelsawyoebis mgrZnobiarobis sazRvris qvemoT. 
arCeuli sizustis farglebSi sivrcis mocemul aresTan dakavSirebuli 
sistema SeiZleba CaiTvalos aTvlis inerciul sistemad. 
   amrigad, SegviZlia moviyvanoT aTvlis inerciuli sistemis gansxvavebuli 
ganmarteba: 
   aTvlis sistemas ewodeba inerciuli sivrce-drois raRac areSi, Tu 
mTels am areSi raRac mocemuli sizustiT, nebismieri sawyisad uZravi 
sacdeli nawilaki inarCunebs Tavis uZraobis mdgomareobas, xolo nebismieri 
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sacdeli nawilaki, romelic sawyisad moZraobda, agrZelebs moZraobas 
siCqaris sididisa da mimarTulebis Seucvlelad. 
   am ganmartebidan gamomdinareobs, rom sistema inerciulia sivrce-drois 
SemosazRvrul areSi, e.i. praqtikuli TvalszrisiT inerciuli sistema 
yovelTvis lokaluria da ara globaluri. 

 
 
 

b) fardobiTobis principi. 
 

   fardobiTobis principi pirvelad gamoTqva niutonma, rogorc erT-erTi 
Sedegi moZraobis kanonebisa: ”sivrcis garkveul areSi  moqceuli sxeulebis 
erTmaneTis mimarT fardobiTi moZraoba, erTnairia - uZravia es are Tu 
moZraobs Tanabrad da sworxazovnad brunvis gareSe.” 

   fardobiTobis principis azri sakmarisad martivia; mTavaria, rom yvela 
moZravi sistemis SigniT Catarebul cdaSi, fizikis kanonebi gamoiyurebodes 
iseve rogorc uZrav sistemaSi. 
   gulmodgine Ziebis miuxedavad am principis darRvevis faqti aravis 
aRmouCenia. amitom SeiZleba iTqvas, rom fizikis kanonebis rogorc forma, 
aseve maTSi Semavali konstantebis ricxviTi mniSvnelobebic erTnairia 
yvela aTvlis inerciul sistemaSi. Eese igi fizikis kanonebis meSveobiT 
SeuZlebelia erTi inerciuli aTvlis sistemis garCeva meorisagan. 
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2. galileis sivrce-dro. 
 
 
 

a) galileis gardaqmnebi. 
 

   Cveni mizania vipovoT erTi inerciuli aTvlis sistemidan meoreSi 

gardaqmnis formulebi. vTqvaT K aTvlis sistemaSi xdomileba aRiwereba   x, 

y, z, t koordinatebiT. gardaqmnis formulebis meSveobiT SeiZleba vipovoT 

igive xdomilebis x’, y’, z’, t’ koordinatebi K’ inerciul sistemaSi. 

   rogorc cnobilia, galileis dro-sivrceSi dro absoluturia, e.i. t=t’. 

Semdeg, Tu sakoordinato RerZebs ise SevarCevT, rom x da x’ RerZebi 

erTmaneTs emTxveodes, y da z iyos paraleluri Sesabamisad y’ da z’ 

RerZebisa, xolo K’ sistema moZraobdes x da x’ RerZebis gaswvriv, maSin y 

da z koordinatebisTvis gveqneba y=y’ da z=z’, xolo x da x’ gansxvavdeba 

erTmaneTisagan im manZiliT romelsac gaivlis K‟ sistema K sistemis mimarT. 
Tu drois aTvlas daviwyebT im momentSi, roca orive sakoordinato 

sistema erTmaneTs emTxveva da K‟ sistemis siCqare K sistemis mimarT aris V, 

maSin gavlili manZili iqneba Vt. Amitom 
 

                  '''' ttzzyyVtxx                      (1)  

 

saidanac gamomdinareobs siCqareTa Sekrebis kanoni Tu gavadiferenciroT 
pirvel gamosaxulebas droiT 

 

                          VUU  '                              (2)                                

 

aq  U - moZravi obieqtis siCqarea K sistemis mimarT, U‟ - siCqare KK‟ 
sistemis mimarT. 

   rogorc aRmoCnda siCqareTa Sekrebis kanoni (2) ar aris absoluturi, is 
sruldeba mxolod miaxloebiT, kerZod roca es siCqareebi mcirea sinaTlis 
siCqaresTan SedarebiT. amis pirdapiri dasturi gamomdinareobs maikelson-
morlis eqsperimentebidan romlebic ganxorcielda 1881-87 wlebSi. 
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b) maikelson-morlis eqsperimenti. 

gvaqvs eqsperimentuli danadgari, 

sadac A – sinaTlis wyaroa, B - 

naxevrad gamWvirvale movercxlili 

firfita, C da E – sarkeebi, 

romlebic imyofebian  B–sgan erT da 

igive manZilze L. mTeli mowyobiloba 
xistadaa damagrebuli mZime filaze. 

B firfita Slis sinaTlis sxivs orad; 
TiToeuli sxivi midis sarkemde da 

ubrundeba B firfitas. sxivis B 

firifitaSi gavlis Semdeg kvlav 

xdeba sxivebis zeddeba. Tu B-dan E-mde da ukan manZilis gavlas sinaTlis 

sxivi undeba igive dros rac saWiroa BC da ukan manZilis gavlas, maSin D-

s da  F-is fazebi Tanxvdeba da talRebi erTmaneTs aZlierebs. Tu es 
droebi ar aris toli, nakadebSi gveqneba fazaTa sxvaoba da adgili eqneba 
interferencias.  
   maikelsonma da morlim Tavisi mowyobiloba ganalages ise, rom isBE 
paraleluri yofiliyo dedamiwis orbitaze moZraobisa. marTlac, Tu 

danadgari moZraobs dedamiwasTan erTadDu siCqariT zogadad mosalodnelia 

rom adgili eqneba sxivebis interferencias. vTqvaT BE-s gavlis dro aris 
1t

, EB-si ki 
2t . E-mde misvlisaTvis saWiro drois ganmavlobaSi sistema 

gadaadgildeba 
1ut  manZiliT da sinaTles mouwevs 

1utL   manZilis gavla.  
 

                    
uc

L
tutLct


 111  

 
analogiurad ganisazRvreba 

2t -ic. am drois ganmavlobaSi B firfita 
axlovdeba 

2ut  manZiliT. sinaTle gaivlis 
2utL   manZils, anu 

 

                    
uc

L
tutLct


 222  

 
Sesabamisad saerTo dro iqneba  

                        222221
/1

/22

cu

cL

uc

Lc
tt





                    (3)                            
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axla ganvsazRvroT is dro 3t  romelsac sinaTle moandomebs BC manZilis 
gavlas, anu perpendikularulad dedamiwis moZraobis mimarT 

       

               
22

3

2

3

22

3

uc

L
tutLct


  

 
ukan dabrunebisas sinaTle gadis igive manZils (rac naTlad Cans naxazis 
simetriulobidan). sabolood vRebulobT 
 

                     
2222

3

/1

/22
2

cu

cL

uc

L
t





                     (4)                             

 
miRebuli (3) da (4) gamosaxulebebis Sedarebisas vxedavT, rom mniSvnelebi 
gansxvavebulia. Aaqedan gamomdinare vakeTebT daskvnas, rom Tu Cveni  
Sefasebebi (3) da (4) damyarebuli galileis siCqareTa Sekrebis kanonze (2)  

sworia maSim unda velodoT (zogadad L manZilze damokidebul) 

interferencias BE’B’ da BC’B’ sxivebs Soris. Mmagram amaod, aseTi 
interferencia damzerili ar yofila, rac niSnavs rom droebSi (3) da (4) 
gansxvaveba ar aris, any 

213
2 ttt  . 
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3. minkovskis sivrce-dro. 
 
a) sinaTlis siCqaris universaloba. 

 
   maikelson-morlis eqsperimentidan da misi Semdgomi gaumjobesebuli 
variantebidan gamomdinareobs specialuri fardobiTobis principi, romlis 
Tanaxmad, yovel inerciul aTvlis sistemaSi sinaTlis gavrcelebis siCqare 
universaluria, anu erTnairia yvela mimarTulebiT (izotropiuloba) da 
misi ricxviTi mniSvneloba vakuumSi aris   1010997925.2 c  sm/wm  

 
 
 

b) lorencis gardaqmnebi. 
 

   Cveni mizania moiZebnos iseTi gardaqmna, rom Zveli koordinatebi (x,t) 

gamoisaxebodes axali koordinatebis (x’,t’)  wrfivi kombinaciiT. 
   ganvixiloT  txK ,  da  txK  ,  sistemebi  
 

                          
tbxat

tbxax




                           (5) 

 

da miviRoT, rom K’ moZraobs KK–s mimarT v siCqariT. ufro 
mosaxerxebelia koordinatebis (5) ganzomilebebis gaTvaliswinebiT es 
gardaqmnebi ase CavweroT: 
 

                     
















x

c

v
t

t
tvx

x
2

,                    (5‟) 

 

sadac ',,',   uganzomilebo sidideebia. maTi mniSvnelobebis dasadgenad 

SegviZlia gamoviyenoT Semdegi pirobebi: 

(i) x=0 wertilis (K-sistema) koordinata danaxuli K’-sistemidan gvaZlevs  
                tvxx 0 1  

radgan am koordinatisTvis unda iyos '' vtx  ;                                                                                           

(ii)  x’=0 wertilis (K’-sistema) koordinata danaxuli K-sistemidan 
gvaZlevs 
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                   tvxx 



0  ,   

 




t
t     

saidanac 

                           vtx 



     

 
da radgan am koordinatisTvis unda iyos vtx  vRebulobT  

 
 

                       


1



                                                                                              

 

(iii)  sinaTlis siCqaris univerasaluroba – sinaTlis siCqare K da K’ 

sistemaSi  unda iyos erTi da igive. marTlac, Tu koordinatebi x da x’ 

arweren sinaTlis moZraobas maSin siCqareebisaTvis c da c’ unda miviRoT  
 

                     ','
'

'
, ccc

dt

dx
c

dt

dx


.
       

 
anu Tu gamoviyenebT 
  
 

  
dt

td

td

dx

dt

dx 


   ,        

222 /1

1
1,

cv
c

c

v

dt

tdvc

td

dx




 







 





    

 
sabolood miviRebT 

         

 

























2

2

2

2

2

1

1

1

1

c

v

c

v
vc

c

v

c
c

v

vc

dt

dx
c










   1  

amrigad (i-iii) pirobebis dadebis Semdeg Cven gardaqmnebs aqvT saxe: 

              


x
c

v
t

t
tvx

x







2
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ase rom gansasazRvravi dagvrCa mxolod  . 

(iv) axla K da KK’ ‟sistemebi davamTxvioT erTmaneTs da roca K’ sistema 
daiwyebs moZraobas, koordinatTa saerTo saTavidan moZraobis 

mimarTulebiT gauSvaT sinaTlis sxivi. K sistemaSi sxivi gaivlis ct manZils   

  2222
zyxct  , xolo K’ ‟sistemaSi sxivi gaivlis ct’ manZils 

  2222
zyxtc   (fardobiTobis principis Tanaxmad cc  ). amitom 

SeiZleba davweroT   
                               

              
222222222 zyxtczyxtc   

 
avRniSnoT, rom am gantolebis orive mxare TavisTavad udris nuls imis 

gamo  rom warmoadgens sinaTlis frontis gantolebas K da KK’ ‟sistemaSi, 
Sesabamisad. radganac vixilavT moZraobas X da X‟ RerZebis gaswvriv     (

zzyy  , ) rac niSnavs rom 

 

                 2

2

2

22

2
222 1

tvxx
c

v
t

c
xtc 











 

 

                    22222

2

222 /1
1

cvxtcxtc 


 

 

                           2

2

1
c

v
  .        

                                                   

Damrigad sabolood, (1+1) lorencis gardaqmnebs eqnebaT saxe: 
 
 

               

2

2

2

2

2

11
c

v

x
c

v
t

tzzyy

c

v

tvx
x












           (6)                         

 

 

 



16 

 

 

 

g) lorencis Semokleba. 
 

   axla dauSvaT K sistemaSi X RerZis paralelurad uZravadaa 

moTavsebuli 0l  sigrZis Rero. vipovoT am Reros sigrZe K‟ sistemaSi. 

amisaTvis vipovoT Reros orive bolos koordinatebi 
1x da 

2x drois erTsa 
da igive t  momentSi. 

                 

2

2

2

2

2

2

1

1

11
c

v

tvx
x

c

v

tvx
x













  

 

maSin Reros sigrZe K‟ sistemaSi iqneba 

 

           













2

212

1
c

v

x
xxxxl

    
2

2

0
1

c

v
ll             (7)                                                                                                        

 

miRebul Sedegs lorencis Semokleba ewodeba. radganac sxeulis ganivi 
zomebi ar icvleba misi moZraobis dros, amitom sxeulis moculoba 
mcirdeba sigrZis msgavsad 

 

                       2

2

0 1
c

v
VV                           (7‟)   

 
 
 

d) lorenc-gardaqmnebi siCqarisaTvis. 
 
   vipovoT gamosaxuleba romelic akavSirebs moZravi materialuri 
wertilis siCqares erT aTvlis sistemaSi imave wertilis siCqaresTan sxva 
sistemaSi.  

   vTqvaT v aris K’ sistemis K–s mimarT moZraobis siCqare. lorencis 
gardaqmnebis formulebidan (6) pirveli sami gamosaxuleba gavyoT meoTxeze, 
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miviRebT lorenc-gardaqmnebs siCqarisaTvis (an, rac ufro adeqvaturia,  
gamoviyenoT  diferencirebis toloba dx′/dt′=(dx′/dt)(dt′/dt)⁻¹). miviRebT: 
 

 

          

2

2

2

2

2

2

2
1

1

1

1

1
c

vv

c

v
v

v

c

vv

c

v
v

v

c

vv

vv
v

x

z

z

x

y

y

x

x

x 






















         (8) 

 
 

e) lorencis gardaqmnebis geometriuli da fizikuri Sinaarsi. 
 
(i) Cven vimuSavebT erTeulTa sistemaSi, sadac c=1. Aam sistemaSi lorencis 
gardaqmnebs aqvT saxe 
 

                
22 11 v

vxt
t

v

vtx
x









  

 
 
saidanac advilad dasanaxia rom 
   

                      1
11

1
2

2

2

2

































 v

v

v
 

 
Amitom 
 

                          122   shch                           (9)       

 

anu lorencis gardaqmnebi xt-sibrtyeSi Seesabameba brunvas warmosaxviTi 
kuTxeebiT (anu e.w. “busts”) 

 

                     ishich sincos   . 

zogadad, roca sxva sivrculi koordinatebic (y, z) gardaiqmnebian, Cven 

gvaqvs sami brunva (xy-, xz-, yz-sibrtyeebSi) da sami busti (xt-, yt-, zt-
sibrtyeebSi). 
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(ii) Kkidev erTxel davakvirdeT am  gardaqmnebis fizikur arss xdomilebaTa 
enaze. davuSvaT, pirveli xdomileba mdgomareobs imaSi, rom wertilidan, 

romlis koordinatebia {
1111 ,,, tzyx } K sistemaSi, iwyebs gavrcelebas 

signali sinaTlis siCqariT c. meore xdomileba ki mdgomareobs imaSi, rom es 
signali modis wertilSi koordinatebiT       {

2222 ,,, tzyx } amave sitemaSi. 
radganac signali vrceldeba sinaTlis siCqariT, mis mier gavlili manZili 
aris  12 ttc  , meores mxriv igive manZili SeiZleba asec Caiweros   

       

                     2/12

12

2

12

2

12 zzyyxx  .  

 

amitom 

                        0
2

12

22

12

2

12

2

12  ttczzyyxx  

 

igive or xdomilebas SeiZleba davakvirdeT K’ sistemidanac. Sesabamisi 

koordinatebi iqneba { 
1111 ,,, tzyx ) da { 

2222 ,,, tzyx }, maSin 

 

        0
2

12

2
2

12

2

12

2

12 




 









 









 









 




ttczzyyxx . 

 

sidides  

                         2/12

12

2

12

2

12

2

12

2

12 zzyyxxttcS    

 

ewodeba intervali or xdomilebas Soris. Tu intervali or xdomilebas 
Soris nulis tolia erT sistemaSi, maSin igi nulis toli iqneba nebismier 
sxva sistemaSic. 

   ori usasrulod axlo xdomilebisaTvis intervali Caiwereba 
Semdegnairad 

                 
222222 dzdydxdtcds  .                    (10) 

sxvadasxva aTvlis sistemaSi erTi da igive xdomilebis ori ds da ds’ 

intervali erTi rigis usasrulod mcireebia. amitom 22 sadds  , sadac a 

koeficienti SeiZleba iyos damokidebuli mxolod am ori inerciuli 
sistemis fardobiTi siCqaris absolutur mniSvnelobaze. igi ver iqneba 
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koordinatebze damokidebuli, radganac maSin dro-sivrcis sxvadasxva 
wertilebi iqneboda aratolfasi, rac ewinaaRmdegeba dro-sivrcis 
erTgvarovnebas. igi ver iqneba damokidebuli fardobiTi siCqaris 
mimarTulebazec, radganac es SeewinaaRmdegeboda sivrcis izotropiulobas. 
   ganvixiloT sami aTvlis sistema 

21 ,, KKK  da vTqvaT 
1V  da 2V aris 

1K  da 

2K  sistemebis moZraobis siCqare K–s mimarT. MmaSin am sistemebSi 
Sesabamisad gveqneba 
           
                     2

212

2

1

2

22

22

11

2 dsVadsdsVadsdsVads   

 
sadac 

12
V aris 

2
K  sistemis 

1K -is mimarT moZraobis siCqaris absoluturi 

mniSvnelobaa. Aam gamosaxulebebis Sedarebs gvaZlevs  
1212

)(/)( VaVaVa  . magram 

12V , ganmartebisamebr, srulebiT damokidebulia 
1V  da 

2V . amitom  Va  

zogadad unda iyos mudmiva da erTdaTerTi SemTxveva, roc a-koeficientebs 
Soris SeiZleba iyos zemoT moyvanili kavSiri aris roca es mudmiva 1-is 
tolia.  Eeseigi 22 sdds  da, aqedan, sasruli intervalebic erTmaneTis 

tolia  S=S’.  
xdomilebebs Soris intervali erTnairia yvela aTvlis inerciul 

sistemaSi, e.i. intervali invariantia. Tu 0
2

12 S , maSin intervali namdvili 
sididea da mas droismagvars uwodeben. Tu or xdomilebas Soris 
intervali droismagvaria, arsebobs iseTi aTvlis sistema romelSic orive 
xdomileba xdeba erTsa da igive adgilas. dro romelic gaivlis am 
xdomilebebs Soris aRniSnul sistemaSi aris 

  

                    
c

s
ltc

c
t 122

12

2

12

2

12

1



     .              (11) 

 
Tu 0

2

12 S , intervali warmosaxviTia da mas sivrcismagvars uwodeben. 
intervali or xdomilebas Soris sivrcismagvaria, arsebobs iseTi aTvlis 
sistema, romelSic ori xdomileba xdeba erTdroulad. manZili mocemuli 
ori xdomilebis moxdenis wertilebs Soris aRniSnul sistemaSi aris 

                    12

2

12

22

1212 istcll 


                    (11‟)   

 

intervalis Tviseba iyos drois- an sivrcis- magvari ar aris damokidebuli 
aTvlis sistemis arCevaze da amrigad aris absoluturi. 
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(iii) dauSvaT, xdomilebas aqvs adgili koordinatTa saTaveSi (1+1)-
ganzomilebian koordinatTa sistemaSi x, t (y, z koordinatebs jerjerobiT 

ar vixilavT).  {x=0 , t=0}  wertilSi gamavali nawilakis Tanabari da 

sworxazovani moZraoba gamoisaxeba O wertilze gamavali wrfiT, romlis t  
RerZisadmi daxris kuTxis tangensi udris nawilakis siCqares. radganac 

udidesi SesaZlo siCqarea sinaTlis siCqare c, Sesabamisad arsebobs udidesi 
kuTxec.  

nawilakis moZraobis aRmweri wrfeebi SeiZleba iyos 

moTavsebuli aOc da bOd areebis SigniT. aOc areSi 
intervali drois magvaria 0222  xtc , e.i. yvela aTvlis 

sistemaSi aoc areSi momxdari yvela movlena momavalia O–s 

mimarT (t >0),. amitom aoc aris “absolutur momavals” 

uwodeben. analogiurad bOd ares uwodeben “absolutur 
warsuls”.  

    aOd da cOb areebi Seesabameba sivrcis magvar intervalebs. radganac 
ori movlena SeiZleba iyos mizezobrivad dakavSirebuli erTmaneTTan 
mxolod drois magvari intervalis SemTxvevaSi, amitom es areebi ar 
Seesatyviseba realur procesebs, an sxvanairad verc erTi urTierTqmedeba 
ver gavrceldeba sinaTlis siCqareze meti siCqariT. 

Tu ganvixilavT samive sivrciT koordinats gveqneba konusi 

oTxganzomilebian koordinatTa sistemaSi ( 022222  tczyx ), romlis 

RerZic emTxveva t RerZs. am konuss sinaTlis konusi ewodeba. 
 
 
 
v) dro-sivrcis diagramebi. 
 

   sivrce-drois diagramebs sxvanairad minkovskis diagramebs uwodeben. 

mosaxerxebelia movlenebi gamoisaxos dro-sivrcis diagramebiT, sadac 
horizontalur RerZze gamosaxulia mdebareoba sivrceSi, xolo  
vertikalurze - movlenis dro.  

   ganvixiloT kerzo magaliTebi. Nnaxazze 1 - 
nawilakis e.w. msoflio wiria, 2 - sinaTlis 

sxivis msoflio wiri. am diagramis Tanaxmad t=0 
momentSi nawilaki imyofeba koordinatTa 

saTaveSi, Semdeg ki moZraobs x RerZis gaswvriv. 
dro-sivrcis diagramaze sivrceSi mdebareobis 
droze damokidebulebis aseT grafiks ewodeba 
nawilakis msoflio wiri. radganac nawilaki ar 
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SeiZleba moZraobdes sinaTlis siCqareze meti siCqariT, es niSnavs rom 
nawilakis msoflio wiri yovelTvis 
droismagvari. sinaTlis sxivis msoflio wiri ki, 
rogoc amboben, sinaTlis magvaria. 
   ganvixiloT SedarebisTvis sivrce-drois 

diagramebi galileis sivrcisaTvis, sadac x=vt. Tu 
aviRebT erTsa da imave nawilaks romelic 
moZraobs sxvadasxva siCqariT (nolidan 
usasrulobamde sxvadasxva aTvlis sistemis 

mimarT), maSin drois erTi momentis Sesabamisi (t) 

msoflio wiris yvela wertili ganlagdeba x RerZis paralelur wrfeze.    

 
 
 

e) ra unda gvaxsovdes kargad. 

 

       galileis sivrce-dro (damoukidebeli sivrcisa da drois intervalebi) 

2 intervali  :   (x)² + (y)² + (z)² = R²  ,   t′- t = 0    

                   fardobiTi sivrce da absoluturi dro 

 

                                                 vs 

 
           minkovskis sivrce-dro (erTiani dro-sivrcis  intervali) 

                1 intervali  :  (x)² + (y)² + (z)² + (ict)² = I²    ( t′- t = O(v²/c² )) 

                   fardobiTi sivrce da  fardobiTi dro 

 

 

 

 

 

e) sinaTlis siCqare da sivrce-dro. 

 
     albaT SeiZleba gaCndes erTgvari kiTxva: ratom moxda ise rom sinaTlis 
siCqare iCens Tavs iseT wminda geometriul sakiTxebSi rogoricaa sivrce-
drois struqtura specialur fardobiTobis TeoriaSi, an koordinatebis 
gardaqmna erTi inerciuli sistemidan gadasvlisas meoreSi da ase Semdeg. 
vinmem SeiZleba ixumros kidec rom es imitomaa rom maikelsoni da morli 
muSaobdnen sinaTlis sxivTan Tavis cnobil eqsperimentSi. marTlac, 
sainteresoa gavigoT riT aris gamorCeuli sinaTlis sxivi, anu fotonebis 
nakadi, sxva SesaZlo nawilakebis nakadebTan - vTqvaT, swrafi neitrinoebis 
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an eleqtronebis nakadTan, romlis saSualebiTac SesaZlebelia 
(principulad Tu ara teqnikurad) mzgavsi eqsperimentebis Catareba. A 
   ZiriTadi mizezi am gamorCeulobisa dakavSirebulia imasTan rogor 
ganvixilavT Tavisuflad moZravi nawilakis masas – rogorc raime 

konstantas, rogorc es xdeba niutonis meqanikaSi (NM), Tu rogorc 

dinamiur cvlads, rogorc amas aqvs adgili ainStainis meqanikaSi (EM) 

 

                               m = E/c²                                                     (12) 
 

sadac am formiT (1/c² ) dawerili proporciulobis koeficienti masasa da 

energias Soris aRebulia mxolod ganzomilebis mosazrebiT da c-s jer 
sinaTlis siCqaris mniSvneloba ar eniWeba.  M 
   magram ganurCevlad imisa vimyofebiT Cven niutonis Tu ainStainis 
meqanikaSi energiis cvlileba drois erTeulSi unda iyos erTi da igive, 
anu  

                             
EMNM

dt

dE

dt

dE
=                          (13)  

     

 
radgan orive TeoriaSi energia dinamiuri cvladia dakavSirebuli drois 
erTgavarovnebasTan. zemoT moyvanil masis ganmartebidan (12) ainStainis 
meqanikaSi da, Sesabamisad, kinetikuri energiis gansazRvridan niutonis 

meqanikaSi, E = mv²/2,  gvaqvs  Tanaxmad (13)-sa diferencialuri gantoleba  

 

                                                   
)(

)(
=

)(

222

2

mtd

vmd

mtd

dm
c        .                                   

  
am gantolebis integrirebis Sedegad vRebulobT  
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                                             Cvmcm += 2222
                                                              

 
sadac integrirebis konstanta SeiZleba dadgindes nawilakis sakuTari  

(uZravi) sistemaSi gadasvliT:  C = m₀²c² (m₀² - uZravi nawilakis masaa, v = 0).    

Aase rom sabolood vRebulobT                               

 

                                                                            

cv

m
m

22

2

02

/–1
=                                                  (14)                                             

 
saidanas gamomdinareobs ramdenime mniSvnelovani daskvna:     

(i) nawilakis siCqare v yovelTvis naklebia sidide c-ze, romelic gaCnda 
proporciulobis koeficientidan masasa da energias Soris (ix. (12)); 

(ii) rom ar gvqondes nulovani energia umaso nawilakebisTvis aucilebelia 
miviRoT rom am nawilakebs yovelTvis gaaCniaT mxolod maqsimaluri 

siCqare v = c; 

(iii) Nniutonis meqanika gadadis ainStainis relativistur meqanikaSi Tu 
nawilakis masas ganvixilavT Tanaxmad gantolebisa (14) roca erTi 
inerciuli sistemidan gadavdivarT meoreSi, romelic pirvelis mimarT 

moZraobs v siCqariT 

                                                  
cv

m
m

2
1

22

'

)/–1(
=        .                                       (15) 

 

avRniSnoT rom Cven aq vsaubrobT moZrav masaze  m(v), romelic icvleba 

sistemidan sistemaze gadasvlisas da, ara uZrav masaze m₀ romelic 

WeSmariti lorenc-inariantia,  E²- p²= m₀²). 
       gamomdinare am daskvnebidan gasagebia rom zogadad c niSnavs 
maqsimalur siCqares romelsac Cven mivawerT yvela umaso nawilaks. fotoni 
ubralod erTerTi maTgania. Aamitom misiMeqsperimentulad gazomili 
siCqare 1010997925.2 c  sm/wm amgvaradve axasiaTebs yvela umaso nawilaks – 

gravitons, nietrinos da a.S. swored am mizezis gamo es siCqare specialuri 
fardobiTobis Teoriis universaluri parametria. 
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4. ainStainis sivrce-dro. 
 
 
 

a) gravitaciuli da inerciuli masebis eqvivalentoba. 
 
sxeulTa inertulobis zomas inerciuli masa ewodeba  
 
                              aFM

In
/  

 
gravitaciuli urTierTqmedebis muxts gravitaciuli masa ewodeba 
   

                             
*

2

GM

Fr
M

Gr
  

 

sadac am sxeulze momqmedi gravitaciuli Zalis centri asaxuli masaSi M*, 
romelic Cvens pirobebSi bunebrivad gaigivebulia dedamiwis masasTan.M  
   eqvivalentobis susti principi: gravitaciuli da inerciuli masebi 
erTmaneTis tolia, anu           
                               

GrIn
MM    . 

 
 
b) etveSis eqsperimentebi. 
 

 

   (i) 1889 wels etveSma daiwyo eqvivalentobis susti principis 
SemowmebisaTvis eqsperimentebis Catareba, romlebic 25 weli gagrZelda.       

eqsperimenti sqematuraT gamoiyureba Semdegnairad:  

mbrunavi wrewiri aris dedamiwa radiusiT Re ,  
1 - qanqaris dakidebis wertili, 2 - qanqaris burTula;         

1F  - simZimis Zala, 
2F  - centridanuli Zala,  

3F  - centraluri Zalis horizontaluri mdgeneli.  
qanqara Camokidebulia dedamiwis 45° ganedze. 

gMF Gr1  (mimarTulia centrisaken),  

                2/45cos 202

2 eIneIn RMRMF  
eIn RM 2  da mimarTulia 

brunvis RerZis marTobulad. am ori Zalis tolqmedi qmnis  kuTxes  
 

                        
2/

2/
2

2

eInGr

eIn

RMgM

RM







  
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da radganac 
2F  SedarebiT  mcirea am kuTxis mniSvneloba miaxlovebiT aris             

 

                            
gM

RM

Gr

eIn

2

2
   . 

 
gamomdinare iqidan rom es kuTxe Seicavs inertuli da gravitaciuli 
masebis Sefardebas (da danarCeni Semavali parametrebi cnobilia) misi 
zusti gazomvis Sedegad SeiZleba Semowmdes eqvivalentobis susti 
principis samarTlianoba. 

  (ii)Aaxla, vTqvaT, sakidi Sedgeba ori burTulisagan, romlebic sxvadasxva 
masalisganaa damzadebuli, magram maTi gravitaciuli masebi SerCeuli ise 

rom )2()1( GrGr MM  . 
 
 
 

 

 

1 - sarke. 

2 – damkvirveblis Wogri. 

 
 

 
 

Tu axla )2()1( InIn MM  , maSin Zafi daexveva. gazomvas imeoreben xelsawyos 
180°-ze motrialebis Semdeg, riTic gansazRvraven sasworis nulovan 
mdgomareobas. etveSma moaxdina rva sxvadasxva liTonis etalonad miRebul 

platinasTan  (Pt) Sedareba da daadgina, rom  
 

              )(/)()(/)( PtMPtMlMlM
GrInGrIn

  

 

(l = 1,…8 )…fardobiTi cdomilebiT 810 . 
 
 
g) eqvivalentobis Zlieri principi. 

 
 

   gravitaciul vels gaaCnia Semdegi ZiriTadi Tviseba: yvela sxeuli maTi 
masebis miuxedavad gansazRvruli sawyisi pirobebisas erTnairad moZraobs.    
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   aTvlis inerciul sistemaSi yvela sxeulis Tavisufali moZraoba xdeba 
sworxazovnad da Tanabrad da Tu drois sawyis momentSi maTi siCqareebi 
erTnairi iyo, maSin isini erTnairi darCeba mTeli drois ganmavlobaSi. 
amitom Tu ganvixilavT am moZraobas mocemul arainerciul sistemaSi, 
maSin mis mimarT yvela sxeuli imoZravebs erTnairad. 

   amrigad, aTvlis arainerciuli sistema eqvivalenturia gravitaciuli 
velisa. am hipotezas eqvivalentobis Zlieri principi ewodeba. 
   erTerT ZiriTadi Sedegi am principisa aris is rom gravitacia aris 
geometria, anu yovelTvis SeiZleba iseTi dro-sivrcis geometriis arCeva 
rom sxeulis moZraoba mis nebismier lokalur areSi SeiZleba iqnas 
ganxiluli rogorc sworxazovni da Tanabari, Tumca zogadad es dro-
sivrce mrudea. 
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amocanebi. 
 
 
 
 

1. S sistemaSi mocemulia sxeuli, romlis sigrZea  00 ,0 xl . ipoveT misi 

koordinatebi S’ sistemaSi. (S’ sistema S sistemis mimarT moZraobs v
  

siCqariT). 
 

2. mocemulia R radiusiani xisti borbali, romelic brunavs ω kuTxuri 

siCqariT. rogori iqneba borblis radiusi R’  sxva inerciul sistemaSi 

romelic raRac v siCqariT moZraobs am sistemis mimarT?   gansazRvreT 

borblis radiusi R’ arainerciul aTvlis sistemaSic – Tu arsebobs 
arainerciuli sistema, romelic iZleva zust pasuxs am kiTxvaze?  
 

3. ipoveT kavSiri moZravi sxeulis sakuTar drosa da laboratorul 
(uZravi sistemis) dros Soris. 
  

4. mocemulia sivrce-drois diagramebis parabolaTa sistema 2tbtax  . 
moZebneT iseTi gardaqmnebi, romelic gadaiyvans am parabolebs 
wrfeebSi. 
 

5.  

vTqvaT u siCqariT vrceldeba signali. drois      
raRac   momentSi igi aRwevs u  wertils. 

daamtkiceT, rom Tu vcu /2 , maSin S’-is Tval-
sazrisiT signali u  wertilSi miva ufro adre 
vidre gamosxivdeba. 
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II. sivrce-dro: maTematikuri aRwera. 
 
 
 
 

1. Sesavali. 
 
 

   Tu sivrceSi Semoyvanilia dekartes koordinatebi da P wertils 

Seesabameba koordinatebi  321 ,, xxx , Q wertils -  321 ,, yyy  da PQ 
sworxazovani monakveTis sigrZis kvadrati aris 

 

                  2332222112 yxyxyxl               (1)                      
 
maSin sivrces evkliduri ewodeba, xolo aseTi Tvisebebis mqone dekartes 

koordinatebs - evklides koordinatebi. 
   evklidur sivrceSi an mis areebSi amocanebis amoxsnisas Cven xSirad 
iZulebulni varT SevcvaloT koordinatebi da Tvalyuri vadevnoT ama Tu 
im sidideTa gardaqmnis kanonebs. garda amisa, xSirad mosaxerxebelia 
sivrcis sxvadasxva areSi esa Tu is amocana amovxsnaT sxvadasxva 
koordinatebSi da amoxsnebi SevkeroT gansxvavebuli sakoordinato 
sistemebis moqmedebis areSi. 
   garda amisa, sakoordinato sistemebis gamoyeneba SeiZleba ar iyos 
marTebuli mTel sivrce-droSi, aramed mxolod mis lokalur ubanSi. 

magaliTad, 2-ganzomilebiani evkliduri geometria (“brtyeli” x da y 
koordinatebiT) kargad “imuSavebs” Tu Cven mas gamoviyenebT romelime 
dasaxlebuli punqtis (qalaqis) gegmis Sesadgenad, magram ra Tqma unda is 
ver imuSavebs Tu Cven mas gamoviyenebT mTeli dedamiwis aRsawerad, radgan 
es aRwera ar iTvaliswinebs simrudes, romelic gaaCnia dedamiwis sferul 
zedapirs.      

     zogadad, Cven unda SegveZlos fizikuri kanonebis formulireba 
konkretuli sakoordinato sistemisisgan damoukideblad.Mmsgavs 
SemTxvevebSi Cven iZulebulni varT ganvixiloT sivrce rogorc 
mravalnairoba da am gafarToebul kontekstSi gavnmartod ZiriTadi 
operaciebi da kanonzomierebani. 
   Tanamedrove fizikuri warmodgenebi, damyarebuli specialur an zogad 
fardobiTobis Teoriaze, ar uSveben sivrcisa da drois gayofas da 
Sesabamisad iyeneben 4-ganzomilebian dro-sivrcis kontinuums, romelic 
zogadad warmoadgens 4-ganzomilebian diferencirebad mravalnairobas. 
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amrigad, Tu damkvirvebeli imyofeba sivrce-drois nebismier wertilSi, misi 

garemomcveli are 
pU  uSvebs koordinatebis { 3210

,,, pppp xxxx } Semoyvanas. 

amasTan, sxvadasxva damkvirveblebis mier SemoRebuli koordinatebi 

px  da 


qx  moqmedebis saerTo areSi erTmaneTis saSualebiT gamoisaxeba gluvi da 

Seqcevadi funqciebiT: 
 

                   30
,..., qqpp xxxx


   .                    (2)                               

 
   fardobiTobis specialur TeoriaSi damatebiT varaudoben, rom fizikuri 
sivrce-dro aris minkovskis sivrce, romelic uSvebs erTiani sakoordinato 
sistemis Semoyvanas mTel sivrceSi da mas gaaCnia fsevdoevkliduri 
metrika: 
 

              


 dxdxdl 

2 ,     )1,1,1,1(  diag


   .        (3)                                   

 
fardobiTobis zogad Teorias safuZvlad udevs ainStainis hipoTeza: 
sivrce- dros gaaCnia fsevdorimanis metrika, romelic Tavisi fizikuri 
azriT identuria gravitaciuli velisa. yovel lokalur koordinatTa 

sistemaSi (p) am metrikas aqvs saxe gamomdinare intervalis gansazRvrasTan 
am sistemaSi 

                      

 pp

p
dxdxgdl

)(2
   .                    (4)                         

 
amboben, rom gravitaciuli veli sustia Tu es metrika miaxloebulia 

fsevdoevklidur metrikasTan 


  (3): 

 
                  )(0,1,1

00



 ggg                   (4‟)     

 
   yovelive zemoT naTqvami naTlad migviTiTebs fizikaSi farTod 
gamoyenebadi maTematikuri obieqtebisa da cnebebis dawvrilebiT ganxilvis 
aucileblobaze.  amitomac  jer CamovTvliT zogierT pirvelad cnebas 
(simravle, mravalnairoba, topologiuri sivrce da a.S.), mere zogadad 
ganvsazRvravT ramodenime bazisur maTematikur obieqts (skalari, veqtori, 

1-forma etc.) da…Semdeg SevecdebiT… avagoT sivrce-drois maTematikuri 
modeli. 
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2. geometriuli sawyisebi. 

 
a) simravle. 

 
   simravle maTematikis sawyisi cnebaa, romelic gulisxmobs raime 
obieqtTa erTobliobas. simravlis mocema niSnavs yoveli obieqtis Tvisebis 
gansazRvras, ris Sedegad vakeTebT daskvnas ekuTvnis Tu ara es obieqti 
mocemul simravles. obieqtebs romlebic am simravles ekuTvnian simravlis 
elementebi ewodebaT. 
   simravle sasrulia Tu SeiZleba misi elementebis daTvla. Tu daTvla 
SeuZlebelia igi usasruloa. 
   Tu simravleSi ar Sedis arc erTi elementi, mas carieli simravle  
ewodeba. 
   Semoyvanilia simravlis simZlavris cneba. sasruli simravlisaTvis es 
aris elementebis raodenoba simravleSi. usasrulo simravlisaTvis or 
simravles ewodeba toli simZlavris Tu maT elementebs Soris arsebobs 
urTierTcalsaxa Sesabamisoba anu bieqcia. 
   Tu simravle urTierTcalsaxa SesabamisobaSia naturalur ricxvTa 
simravlesTan, mas Tvladi simravle ewodeba. Dda piriqiT, araTvladi 
simravle ar aris urTierTcalsaxa SesabamisobaSi naturalur ricxvTa 
simravlesTan; Tumca igi SeiZleba urTierTcalsaxa Sesabamisobasi iyos, 

magaliTad, namdvil ricxvTa simravlesTan R. 

A  A simravles ewodeba Ria Tu yvela misi wertilisaTvis arsebobs iseTi 
0  midamo rom A . Ria simravlis damatebas Caketili simravle 

ewodeba. 

    A  da B  simravleebis gaerTianeba ewodeba AUB simravles, romlis 

yoveli elementi A da B–dan erT-erTs mainc ekuTvnis. 

    A  da B  simravleebis TanakveTa ewodeba BA  simravles, romlis yoveli 

elementi ekuTvnis A-sac da B-sac. 

   A  da B  simravleebis sxvaoba A/B ewodeba simravles, romlis yoveli 

elementi ekuTvnis A-s da ar ekuTvnis B-s. 

  vityviT, rom A  da B  simravleebi tolia, Tu A aris B-s qvesimravle da 

B ki A-si. 

  vityviT, rom A  simravle aris B  simravlis qvesimravle  BA , Tu Ax

-dan gamomdinareobs Bx . 

  Tu A simravle aris B simravlis qvesimravle  BA ,  maSin A simravlis 

B simravlemde damateba ewodeba B\A  simravles. 
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A simravlis dekartuli kvadrati ewodeba mis elementTa yvela wyvilebis 
simravles:  
 

                 AbabaAAA  ,/;2
 

 

    A simravlis B  simravleze dekartul namravls vuwodebT simravles, 
romlis elementebs warmoadgens yvela SesaZlo wyvili elementebisa: 
 

                BbAabaBA  ,/;  
 

   sivrce-drois Tvisebebis Seswavlisas Cven gansakuTrebiT dagvWirdeba 
araTvladi da Ria simravleebis cnebebi.  

 
 

b) topologiuri sivrce. 
 

   vTqvaT X simravleSi raime wesiT gamoyofilia qvesimravleTa Ј  sistema, 
romelsac Semdegi Tvisebebi gaaCnia: 

 

(i) Ј sistemis elementebis nebismieri raodenobis gaerTianeba kvlav Ј-s 
elementia. 

(ii) Ј  sistemis elementebis sasruli raodenobis TanakveTa kvlav Ј–s 
elementia. 

(iii)  carieli simravle da X simravlec ekuTvnis Ј-s. 
 

am SemTxvevaSi ityvian, rom X simravleze gansazRvrulia Ј topologia da 

(X, Ј) wyvils topologiuri sivrce ewodeba. 
 

   ganvixiloT axla (X, Ј) topologiuri sivrcis raime A qvesimravle. T-Ti 

aRvniSnoT Ј–s elementTa (U) da A–s TanakveTebis erToblioba: 
 

                      JUAUT  /  

Aadvilad dasanaxia rom T simravlis elementebi akmayofilebs topologiuri 

struqturis aqsiomebs (i-iii) da amitom (A, T) topologiuri sivrcea. mas (X, 

Ј) topologiuri sivrcis qvesivrce ewodeba. Aam SemTxvevaSi vityviT rom T 

topologia inducirebulia A  simravleze J topologiiT. magaliTad, 2  
sibrtyis topologia SeiZleba ganvixiloT rogorc qvesivrce 
inducirebuli 3-ganzomilebiani 3  sivrcidan. 
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   topologiur sivrces ewodeba hausdorfis sivrce, Tu yoveli wyvili 
misi wertilebisa SeiZleba SemovsazRvroT erTmaneTTan aragadamkveTi Ria 
simravleebiT. 
   topologiur sivrces ewodeba kompaqturi, Tu igi dafarulia Ria 
simravleebis Tvladi ricxviT. 
   vambobT rom topologiuri sivrce wrfivad bmulia Tu misi yoveli ori 
wertili SeiZleba SevaerToT uwyveti wiriT. 
    
   topologiuri sivrceebis mniSvnelovan klass warmoadgens metrikuli 
sivrceeebi. metrikuli sivrcis nebismieri ori x, y  wertilisaTvis 
gansazRvrulia manZili  yx,  am wertilebs Soris da igi akmayofilebs 
Semdeg moTxovnebs: 
 
1/    xyyx ,,    
2/   0),(,)(0,  xxyxyx     
3/      yzzxyx ,,,      (samkuTxedis utoloba). 
  

magaliTad, n-ganzomilebiani evklides sivrce n  metrikulia wertilebs 
Soris evklides manZilis mimarT. 
         

           nn yyyxxx ,...,,..., 11           



n

yxyx
1

2
,



     (5)                                             

  
 metrikul sivrceSi SemoyavT topologia, romlis Ria simravleebsac Ria 

birTvebis gaerTianeba warmoadgens. Ria birTvi centriT 0x wertilSi da ε 

radiusiT, ewodeba im wertilTa erTobliobas, romlebic akmayofileben 

pirobas    xx ,0 . 
   minkovsikis sivrce metrikuli topologiuri sivrcea. 
 
 

 
g)  mravalnairoba. 
 

   n-ganzomilebiani diferencirebadi mravalnairoba ewodeba wertilTa 
nebismier M simravles, romelSic Semoyvanilia Semdegi struqtura: 
1/ simravle warmoadgens 

qU areebis sasruli an Tvladi ricxvis 

gaerTianebas. 
2/ yovel 

qU  areSi Semoyvanilia nx
q

...1
  lokaluri koordinatebi. 

qU  

areebs uwodeben sakoordinato midamoebs an rukebs. 
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   yoveli areTa wyvilis TanakveTa 
pq UU   M simravleSi TviTon aris (Tu 

igi ar aris carieli) sivrcis are, romelSic ukve moqmedebs ori 
lokaluri sakoordinato sistema. moiTxoveba, rom yoveli lokaluri 
koordinatTa sistema gamoisaxebodes meoriT diferencirebadi saxiT 
 

         
),...,(

),...,(
1

1

n

ppqq

n

qqpp

xxxx

xxxx







        

0det 






















q

p

pq

x

x
I

         (6)                          

 
( n...1,  ) rasac Seesabameba aranulovani “gadasvlis” iakobiani 

pq
I . 

   evklides sivrce n  an nebismieri misi are aris mravalnairobis 
magaliTi. 
   kompleqsuri sivrce n  Seesabameba n2 ganzomilebian namdvil sivrces da 
agreTve mravalnairobas warmoadgens. 
   ori  mravalnairobebis 
 

                           
q

qUM  , 
p

pVN   

   
pirdapiri namravli MN ewodeba (m;n) wertilTa wyvilebis simravles, 
sadac koordinatuli areebiT dafarva ganimarteba rogorc 
 
 

                       
qp

pq VUNM
,

  

 

anu 
qU  areSi gvaqvs 

qx koordinatebi, xolo 
pV areSi - 

py , maSin 
pq VU   

areSi koordinatebi iqneba   

pq yx , . 

M mravalnairobas ewodeba orientirebuli (dadebiTad an uaryofidaT)D, Tu 
gadasvlis iakobianebi 

pq
I  (6) dadebiTia (uaryofiTia) yvela gadamkveTi 

areebis wyvilebisaTvis. magaliTad, n  evklides sivrce ganmartebiT 
orientirebulia – an dadebiTad an uaryofidaT.  
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3. tenzorebi da tenzoruli velebi. 
 
 
 

a) ori SesaZlo aRwera. 
   zogadad, rogorc avRniSneT SesavalSi, Cven unda SegveZlos fizikuri 
kanonebis formulireba damoukideblad konkretuli sakoordinato sistemis 
arCevisa. amisTvis arsebobs ori gza – tenzoruli analizi da 
diferencialuri geometria, romlebic Sedegobrivad srulebiT 
eqvivalenturia, Tumca garkveul SemTxvevebSi iCenenen upiratesobas 
erTmaneTis mimarT. OCven Semdgom ganvixilavT am midgomebis gamoyenebebs 
komplementarulad – jer ise rogorc miRebulia tenzorul analizsSi, 
mere ki diferencialuri geometriis konteqstSi.  
  orive SenTxvevaSi saqme gvaqvs maTematikur obieqtebTan, romlebsac 
ewodeba tenzorebi an tenzoruli velebi radgan zogadad isini lokaluri 
mdebareobis (koordinatis) funqciebi arian. tenzorebis klasifikacia xdeba 

maTi rangis mixedviT. (p, q) tipis p+q rangis tenzori ewodeba obieqts, 

romelic moicema p

q

ii

jjT
...

...

1

1
 komponentebis erTobliobiT koordinatTa nebismier 

sistemaSi  nxx ,...,1 , romlis komponenturi Canaweri damokidebulia 

koordinatTa sistemaze Semdegi wesiT: Tu  nii zzxx ,...,1 ,   njj xxzz ,...,1

da     zzxz   maSin adgili aqvs tolobas 
              

               
   q

q

p

p

p

q

p

q j

l

j

l

k

i

lk
k

i

kk

ll

ii

jj

x

z

x

z

z

x

z

x
TT

















 ......

1

1

1

1

1

1

1

1

...

...

...

...
             (7)                                

 
sadac tenzorebi p

q

ii

jj
T

...

...

1

1

 da p

q

kk

ll
T

...

...

1

1

 mocemulia Sesabamisad koordinatTa 

sistemebSi  nxx ,...,1  da  nzz ,...,1 , da indeqsebi  qp jjii ...;... 11
 da  

 
qp llkk ...;... 11
 icvleba 1-dan n-mde. 

   am midgomasTan gansxvavebiT diferencialur geometriis midgomaSi ar 
keTTdeba raime miTiTeba sakoordinato sistemaze. tenzoruli veli 
ganisazRvreba maravalnairobaSi rogorc Tviseba, romelic mieniWeba am 
pravalanairobis yovel wertils. ra Tqma unda Tu am mravalnairobaSi 
Semoyvanilia sakoordinato sistema maSin am veqtoris komponentebi 
zustad iseTivea rogorc tenzorul analizis modgomaSi, magram aseTi 
sakoordinato sistemis Semoyvana ar aris aucilebeli. 
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b) skalari. 
 
   skalari nulovani rangis tenzoria, romelic aRiniSneba rogorc )( 0

0
. 

skalari ar gardaiqmneba, Tu is ubralod ricxvia. Tu is velia maSin mis 
gardaqmnas erTi sakoordinato sistemidan meoreSi gadasvlisas aqvs -

Tanaxmad (7) gantolebisa - martivi saxe f′(x′)=f(x).  
   diferencialuri geometriis enaze es skalaruli veli ubralod 

realuri f(P) funqciaa, romelic miawers raime ricxvs mravalnairobis 

yovel wertils P. Tu am wertils aqvs x koordinatebi erT sistemaSi da 

x’ koordinatebi meoreSi maSin gasagebia rom unda iyos (rac davwereT 

zemoT)  f′(x′)=f(x)=f(P), radgan erT da igive wertilzea laparaki. 
 
 
 
g) veqtori. 

 
   veqtori pirveli rangis tenzoria, romelic gardaiqmena x-

koordinatebidan z-koordinatebze gadasvlisas Tanaxmad (7) rogorc  
 

                             
 







k
k

i

ki

z

x
TT                           (8)            

 
Tu igi, rogorc amboben tenzorul analizis midgomaSi, kontravariantuli 
veqtoria )(1

0
 , an   rogorc  

 

                             
 

l

l

l
lj

x

z
TT




                          (8‟)                            

 
Tu igi kovariantuli veqtoria )( 0

1
 . kontravariantuli da kovariantuli 

veqtorebis yvelaze cnobil magaliTebs minkovskis sivrceSi warmoadgenen 

TviTon 4-koordinatebi x  da 


x  Sesabamisad. 

   axla davinaxoT rogor gamoiyureba es yvelaferi diferencialuri 
geometriis midgomaSi. 
   

   (i) vTqvaT M mravalnairobaze mocemulia mrudi damokidebuli raime   

parametrze romelic icvleba a-b intervalSi: baxx   )( . sanam 

mrudi imyofeba 
pU aris lokaluri koordinatebis  

px   ( n...1 ) moqmedebis 
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areSi mrudi SeiZleba Caiweros  

pp
xx   saxiT. Sesabamisad mrudis mxebi 

veqtori anu siCqaris veqtori iqneba 
 

                         

 n

pp
p xxx ,...,1 ,  

 
sadac wertili niSnavs warmoebuls   parametris mimarT. TanakveT areSi 

qp UU  , sadac moqmedebs ori lokaluri koordinatTa sistema  

px  da 

 

qx , Tanac        

p

n

qqp
xxxx ...1 . siCqaris veqtorisaTvis gveqneba Semdegi 

gardaqmnis kanoni 

                             





 







q

q

p

p
x

x

x
x   .                        (9)      

rac TanxvedraSia kontravariantuli veqtoris gardaqmnis kanonTan (8). Cven 

vxedavT, rom mxebi veqtorebi (9) qmnian n-ganzomilebian wrfiv sivrces. 
   zogadad vTqvaT rom veqtori diferencialur geometriaSi aris 
warmoebulis operacia funqciaze romelic mocemulia  mravalnairobaze, 
anu am funqciis “siCqaris” operatori mravalnairobaSi. magaliTad, Tu 
gvaqvs raime mrudi    maravalnairobaze, MmaSin veqtori aris am mrudis 
mxebi veqtori, anu am mrudis gaswvriv gawarmoebis operatori ddV / .  
misi ricxobrivi sidide Cndeba maSin roca vixilavT mis komponentebs raime 
konkretul sakoordinato sistenaSi – maSin is yovelTvis TanxvedraSia im 
sididesTan (veqtoris modulTan), romelic Sesabasad gamodis tenzoruli 
analizisidan. Tu vTqvaT es mrudi konkretul sakoordinato sistemaSi 
warmodgenilia fuqciebiT )(x  maSin SegviZlia davweroT 
 

                         













XVV

xd

dx

d

d
V 




               (10)         

 
sadac sidideebs  


X  uwodeben am sistemis sabaziso veqtorebs,   


V  ki Cveni 

V veqtoris komponentebia, romlebic Tanaxmad (9) gardaiqmnebian rogorc  

                 



 VV ''    ,    








x

x






'

'  ,    






             (11) 

 
sadac '


  Seesabameba zogad kovariantul gardaqmnebs, anu koordinatebis 

yvela SesaZlo gardaqmnebs, romlebic roca gadavdivarT minkovskis 
brtyel sivrceSi Seesatyviseba lorencis gardaqmnebs. 
    

   (ii) Cven vnaxeT ras warmoadgens kontravariantuli veqtoris analogi 
diferencialur geometriaSi. axla gaviazroT rogor unda iyos 
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ganmartebuli kovariantuli veqtoris cneba.  amisTvis SemoyavT 
maTematikuri obieqti, romelsac uwodeben 1-formas  . Aapriorulad 
gasagebia rom es obieqti unda ganisazRvros ise rom misi moqmedeba 
veqtorze iZleodes skalars ise rogorc es xdeba roca kovariantuli 
veqtori mravledeba (“ikvreba”) kontravariantul veqtorze (veqtorTan) 
da gvaZlevs maT skalarul namravls. 
  cnobili magaliTi aseTi skalaruli namravlisa aris ori evkliduri 
veqtoris namravli.  es namravli gulisxmobs evkliduri sivrcis metrikis 
arsebobas da amitom misi Semoyvana aranair problemas ar warmoadgens  

 

                             u⋅ v = 
ij

g
jivu = u¹v¹+u²v²+u³v³,    

ij
g =diag (1,1,1) 

 
amitom ZirTadi sakiTxi am konteqstSi aris – Seizleba Tu ara skalaruli 
namravlis Semoyvana mravalnairobaze, romelsac metrika ar gaaCnia? 
aRmoCnda rom es SesaZlebelia Tu vityviT rom 1-forma  veqtoris V 
wrfivi funqciaa, anu misi mniSvneloba nebismier sakoordinato sistemaSi 
unda iyos proporciuli veqtoris komponentebis wrfivi kombinaciisa 

                







  VXVxaXVV  )()()(               (12)           

 
sadac koeficientebi 


 Xxa )(  1-formis komponentebi arian im sistemaSi, 

romelSic V veqtors V  komponentebi gaaCnia  (a raime konstanta an 
skalaruli velia). sagulisxmoa rom es koeficientebi proporciulebia 
bazisuri 


X  veqtrorebisa, romlebic avtomaturad kovariantuli 

veqtorebis saxiT warmoCndebian. Ees niSnavs, rom 1-formis komponentebi 
yovelTvis “kraven” invariantul skalarul namravls Sesabamis veqtoris 
komponentebTan 
                      














 VVV  '

'

'

'
   .                  (13)    

  
avRniSnoT, rom 1-formis komponentebi igive sabaziso veqtorebia, romlebic 
Cven SemoviyvaneT, roca vsaubrobdiT veqtoris invariantul ganmartebaze 
(10) mravalnairobaSi. MmarTlac, im situaciaSi, roca gvaqs mxolod 
veqtoris koordinatuli komponentebi V  an TviT koordinata x  , ra 
komponentebi unda hqondes 1-formas rom Sekras skalaruli namravli 
veqtorTan? Ggasagebia, rom erTaderTi SesaZleblobaa rom es koponentebi 

iyvnen sabaziso veqtorebi 


xX  /  radgan sxva saTanado obieqti x  

koordinatisagan (an sxva veqtoris komponentebidan) ubralod ver aigeba. 
Eamis gamo TviT saxelwodeba “1-forma” gulisxmobs “pirvel 
diferencialur formas”, da realurad mets arafers. 
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  umartives 1-formas warmoadgens nebismieri skalaruli f(x) funqciis 
gradienti, romlis komponentebia )(xf


 . Aam 1-formas aRniSnaven rogorc  

f
 . Semdeg, Tu mravalnairobaSi mocemulia mrudi damokidebuli raime 

parametrze   ise rom am mrudis Sesabamisi koordinatebi mocemulia 
funqciebiT )(x   da ddV /  am mrudis      tangencialuri veqtoria, maSin 
SeiZleba gavnmartod axali skalaruli veli )(V

f
  

 

                      





 













fx

x

f
V

f
)(                       (14)                           

 

romelic aris f(x) funqciis cvlilebis siCqare )(x  mrudis gasvriv. 
 

    
d) tenzorebi 
 
analogiurad SeiZleba ganxilul iqnas nebismieri rangis tenzori )( a

b
 

rogorc tenzoruli analizis midgomaSi zogadi formulis (7) Tanaxmad, 
aseve diferencialuri geometriis enaze. 

 
 

e) zogad kovariantuli gardaqmnebis jgufi. 
 
   Gsimetriis jgufs, romlis mimarT gardaiqmnebian veqtorebi da 
tenzorebi (ix., magaliTad (11)) uwodeben zogad kovariantul jgufs. 
marTlac, es gardaqmnebi akmayofilebs jgufis Tvisebebs: 

(i) arsebobs jgufis erTeulovani elementi, anu igivuri gardaqmna, 
romelsac Seesabameba 


  . 

(j) arsebobs Sebrunebuli elementi, romelic Seesabameba Secvlas  
  

                          
''

'

'

∂

∂
≡→

∂

∂
≡

μ

ν

ν

μν

μ

μ

ν x

x
Λ

x

x
Λ  

 

(k) muSaobs kompoziciis kanoni: ori nebismieri Tanmindevrebulad 
ganxorcielebul gardaqmnisaTvis arsebobs jamuri gardaqmna, romelic 
miequTvneba amave gardaqmnebis erTobliobas, anu  










 .                            

A  am jgufis mimarT, rogorc Cven davinaxavT Semdgom (Nnawili II), 
gravitaciuli urTierTqmedeba invariantulia.                            
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4. kovariantuli diferencireba. 
 
a) Tenzorebis moZraoba brtyel da mrude sivrceSi. 

 
B brtyel sivrceSi, da kerZod Llorenc-minkovskis sivrceSi, tenzorebis 
moZraoba, anu maTi gadatana erTi wertilidan meore wertilSi ar 
warmoadgens raime problemas, radgan maTi sivrculi orientacia am 
moZraobis dros ar icvleba. Tu sivrce mrudea aseTi Tavisufali gadatanis 
Tviseba gaaCniaT mxolod skalarebs, xolo veqtorebi da tenzorebi 
wertilidan wertilamde moZraobisas, garda mniSvnelobisa, Tavis sircul 
orientaciasac icvlian. Ees warmoSobs problemas – rogor SevadaroT 
aseTi veqtoris an tenzoris saxe or mezobel wertilSi, anu rogor 
daviTvaloT misi warmoebuli, romelic gamosaxavs am moZraobis siCqares. 
gasagebia es warmoebuli ver iqneba Cveulebrivi warmoebuli, romelic 
iTvlis mxolod veqtoris (an tenzoris) mniSvnelobis cvlilebas 
wertilidan wertilamde da ar iTvaliswinebs misi orientaciis cvlilebas. 
rogorc davinaxavT, am bolo cvlilebis gasaTvaliswineblad saWiro xdeba 
specialuri proceduris Semoyvana, romelsac uwodeben paralelur 
gadatanas. paraleluri gadatana, rogorc avRniSneT, trivialuri 
proceduraa brtyel sivrceSi radgan aseTi gadatanis dros veqtoris 
mimarTuleba ar icvlebaa. srulebiT gansxvavebulia situacia mrude 
sivrceSi rac naTlad Cans Semdegi magaliTidan – Tu rogor xdeba 
veqtoris mimarTulebis Secvla gamrudebul zedapirze veqtoris 
paraleluri gadatanis dros.  

   ganvixiloT dedamiwis zedapiri da masze veqtoris 
cvlileba paraleluri gadatanisas ekvatoridan 
CrdiloeT polusamde da Semdeg sxva meridianis 
gaswvriv ekvatorisken. Tu axla SevadarebT am veqtors 
ekvatoris gaswvriv paralelurad gadatanil veqtors 
davwrmundebiT, rom isini urTierTmarTobulni arian.  

 
 
 

 
b) tenzorebis warmoebulebi tenzorebi ar arian. 

 
   rogorc viciT veqtoris zogad koordinatul (kovariantul) 

gardaqmnebs aqvT saxe 


 VV





 (11). axla ganvixiloT veqtoris 

warmoebuli 
V  da vnaxoT ra gardaqmnis kanoni Seesabameba mas. Tanaxmad 

2-indeqsiani tenzoris gardaqmnebisa zogadad gvaqvs  
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       ( ) μ

ρσ

ρσ

ν

ρ

σ

μ

ρ

σ

ν

ρμ

ρσ

σ

ν

μ

ν

μ

ν
VVVVT

′

′

′

′

′

′

′

′

′

′
Λ∂Λ+∂ΛΛ=Λ∂Λ=∂=            (15)  

    
sadac marTlac pirveli wevri Seesabameba 2-indeqsiani tenzoris gardaqmnas, 
magram meore wevris arseboba arRvevs am gardaqmnis tenzorul bunebas da 
saboloo jamSi zogad kovariantul simetrias radgan am tipis (15) 
tenzorisaTvis ver aigeba invariantuli lagranJiani. Mmeores mxriv, Tu es 
wevri nulia, anu  
 

                      0=
∂

∂

∂

∂ '

ρ

μ

σ x

x

x
  

 
maSin problema avtomaturad moixsneba, magram am SemTxvevaSi 

ρ

μ xx ∂/∂ '  

mudmivi sidide gamodis, rasac akmayofilebs mxolod wrfivi gardaqmnebi 
μμ axx =' . aseTi gardaqmnebi ki Seesabameba brtyel sivrces da CvenTvis am 

leqciis konteqstSi interess ar warmoadgens.  
 
 
g) paraleluri gadatana. 
 

 ganvixiloT raime wiris (parametrizebul   parametriT) 
Sesabamisi mxebi veqtoris evolucia mravalnairobaSi. Aam 
veqtoris cvlileba wiris gaswvriv zogadad Sedgeba ori 
nawilisagan - sididis cvlilebis Sesabamisi da 
mimarTulebis cvlilebis Sesabamisi nawilisagan. 
mravalnairobaSi wiris mxebi veqtoria λdd /  (10). 

gadavitanoT exla “paralelurad” es veqtori  manZilze P  wertilidan 

Q wertilSi. maSin es veqtori Q wertilSi unda ganimartos  
 
 
 
rogorc  

                       


 1)(
d

d
QPV  

 

rac niSnavs rom veqtorma Q wertilSi SeinarCuna igive orientacia  

( dd / ) rac mas hqonda P  wertilSi (niSani „-‟ pirobiTia). Tu axla 
gadavwerT am gamosaxulebas ase 
 
                             PVPVQPV  P                   (16)               
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maSin is advilad Caiwereba komponentebSi (dakavSirebul raime 
sakoordinato sistemasTan, romelSic 4-koordinata )(x  damokidebulia 
wiris parametrze  ) 
 

                    ( ) ( )
λd

dx
δλxδxδVPVQPV

ρ

ρρσμ

σρ

μμ =Γ– =→         (16‟) 

 
sadac μ

σρ
Γ  sidideebs ewodebaT afinuri bmulobis koeficientebi, an 

kristofelis simboloebi. Aadvilad misaxvedria, rom brtyeli sivrcisaTvis 
paraleluri gadatana unda gvaZlevdes veqtoris igive mimarTulebas da 
amis Sedegad yvela 0=Γ μ

σρ

. 

 
d) tenzorebis kovariantuli warmoebulebi 
 
  veqtorebis da tenzorebis paraleluri gadatanis procedura ukve 
iZleva saSualebas SevadaroT maTi saxeebi mezobel wertilebSi, anu 
daviTvaloT maTi warmoebulebi.  

   (i) veqtoris warmoebuli wiris gaswvriv Cveni ganxilvis Tanaxmad iqneba 
 

                     
   



QPVQV

d

DV 
     .                (17)                        

 
gadavweroT (17) koordinatul sivrceSi, rac gamosaxulebis (16‟) 
gamoyenebis Sedegad gvaZlevs 

 

               ( ) ( )

λd

dx
V

δλ

PVQV

λd

DV ρ

σμ

σρ

μμμ

Γ+
–

=                   (18) 

anu   
 

                     μ

ρ

ρρ

σμ

σρ

ρ

ρ

μμ

V
λd

dx

λd

dx
V

λd

dx

x

V

λd

DV
∇=Γ+

∂

∂
=                 (19)                          

 
sadac  gamosaxulebas 

                          σμ

σρρ

μ

μ

ρ
V

x

V
V Γ+

∂

∂
=∇                         (20)                      

 
kovariantuli warmoebuli ewodeba. mrude sivrcisaTvis veqtoris 
warmoebuli μ

ρ
V∂  Seicvala μ

ρ
V∇  kovariantuli warmoebuliT romelic, 

rogorc vnaxavT qvemoT, zogad kovariantuli jgufis mimarT 
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sruluflebiani 2-indeqsiani tenzoria. AamisTvis, 
  funqciebis erToblioba 

koordinatTa Secvlisas unda gardaiqmnebodnen Semdegnairad 
 

               


















 













xx

x2

    .         (21)                 

 
aRsaniSnavia rom 

  simboloebi gardaiqmnebian rogorc tenzorebi, 
mxolod wrfivi an afinuri gardaqmnisas, roca  
 

                            0
2





 



xx

x
.  

 
zogad SemTxvevaSi ki am gardaqmnebs gaaCniaT araerTgvarovani nawili 
(meore wevri (21)), rac Zalian gavs yaliburi velebis gardaqmnebs (ix. 
nawili II). 

 

   (ii) ganvixiloT axla nebismieri rangis tenzoris kovariantuli 
warmoebuli. igi calsaxad ganisazyvreba Mmisi Semdegi TvisebebiT: 
 
1/ kovariantuli gawarmoeba wrfivi operaciaa. 
 
2/ nulovani rangis tenzoris, anu skalaris kovariantuli warmoebuli 
Cveulebrivi warmoebulia ρ

ρ
xff ∂/∂=∇ . 

 
3/ veqtoruli velis kovariantuli warmoebuli aris 
 

                     σμ

σρ

μ

ρ

μ

ρ
VVV Γ+∂=∇                      (20‟)     

 
4/ tenzorebis namravlis kovariantuli warmoebuli gamoiTvleba namravlis 

kovariantuli diferencirebis formuliT (i,j,k,l – Cveulebrivi 4-indeqsebia) 
  

               
 

 

 

 

 

  
 

 

 

 

 

  j

qk

i

p

j

q

i

pk

j

q

i

pk
SRSRSR  )(                  (22)  

 

meore rangis tenzoris kovariantuli warmoebulebi moicemian formulebiT: 
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               lii

kl

jli

klk

ji
ji

k TT
x

T
T 




  

               i

l

l

kj

l

j

i

klk

i

ji

jk TT
x

T
T 




                      (22‟)                                      

                
li

i

kjjl

l

kik

ji

jik TT
x

T
T 






   .
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4. geodeziurebi. 
 
 
 
 

a) geodeziuri wiri. 
 
   mrude zedapirebis ganxilvisas saWiro xdeba or wertils Soris 
umoklesi manZilis gansazRvra, anu saWiroa brtyeli sivcis wrfeebis 
analogis Semotana aseT zedapirebze. aseT wirebs mrude sivrceSi 
geodeziuri wirebi ewodebaT. maTi gantolebis dadgenisaTvis bunebrivia 
gamoviyenoT paraleluri gadatanis cneba da moviTxovoT rom siCqaris 
orientacia am geodeziur wirze iyos mudmivi. anu Tu es wiri )(τx μ  
mocemulia raime parametrze τ  damokidebuliT, maSin Sesabamisi siCqaris 

τddxV μμ /=  cvlileba unda gamoisaxos paralelur gadatanasTan 
dakavSirebul gantolebiT (17, 18) 
 
                          



 xVV      

 
saidanac orive mxaris  τΔ -ze gayofiT vRebulobT (zRvarze 0t ) 
geodeziuri wiris gantolebas  
 
 

                          0=Γ+
2

2

τd

dx

τd

dx

τd

xd σρ

μ

ρσ

μ

                    (23) 

 
 
dekartes koordinatebSi. advilad Sesamowmebelia, rom geodeziuri wiris 
siCqare τddxV μμ /=  akmayofilebs pirobas ( ) 0=∇ μ

ρ
V  (amocana 5), anu am 

siCqaris kovariantuli warmoebuli yovelTvis udris nuls. Aam pirobas 
xSirad iyeneben geodeziuri wiris damoukidebeli ganmartebisaTvis.  
   avRniSnoT rom Tu 0 


, maSin am gantolebis amonaxsnia Cveulebrivi 

wrfeebi, rogorc es gvaqvs niutonis an relativistur meqanikaSi, Tu τ  
parameters ganvixilavT rogorc dros. mivaqcioT yuradReba aseve imas, rom 
niutonis pirveli kanoni ganicdis saocar modifikacias mrude sivrceSi – 
“Tavisufal” nawilaks SeiZleba hqondes aranulovani aCqareba! 
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b) geodeziuri sferul koordinatebSi (savarjiSo). 
 
   sferul koordinatebSi aranulovani kristofelis simboloebi iqneba 
mxolod  
 

       
rr

rr rrrr

rr 11
sin 2  













  . 

 
Sesabamisad geodeziuris gantolebebs eqnebaT saxe  
 
 

                          0

2

2

2















 d

d
r

d

rd
                        (24)                                          

                          0sin

2

2

2

2
















 d

d
r

d

rd
                  (25)                           

                                

                          0
2

2

2










d

dr

d

d

rd

d
                      (26)                              

                             

                          0
2

2

2










d

dr

d

d

rd

d
                      (27)                                     

 
 

sadac amjerad parametri λ (τ -s nacvlad) iqna gamoyenebuli. 
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6.  simrude. 
 
 
 
a) simrudes gansazRvra. rimanis tenzori.  
 
   raSi gamoixateba sivrce-drois simrude da rogor SeiZleba aRvweroT 
igi ricxobrivad? rogorc vnaxeT amis erT-erTi naTeli gamoxatulebaa 
geodeziurebis gadaxra (anu sacdeli sxeulis fardobiTi aCqareba, ix. (23)). 
sxva aseT gamovlinebas warmoadgens veqtoris cvlileba Caketili 
konturis gaswvriv paraleluri gadatanisas. 
   ganvixiloT geodeziuri wirebi raime zedapirze da miviRoT rom maTi 

gadakveTiT Seqmnili badis fragmentia PRQS. vTqvaT, P 
wertilidan viwyebT veqtoris paralelur gadatanas Sekruli 
wiris gaswvriv. es gadatana iqneba 
 
 

                
  VVVV

SPQSRQPRPRQSP
V   

 
 
amasTan, moZraoba QSP mimarTulebiT SeiZleba ganvixiloT rogorc 
moZraoba PSQ mimarTulebiT oRond sapirispiro niSniT 
 

             
  VVVV 21  PSQPRQPRQSPV           (28)   

 
vTqvaT, I da II geodeziurebis gaswvriv moZraobisas icvleba x , 
 

                           xPSRQ   

 

xolo III da IV-s gaswvriv moZraobisas icvleba y , 

                           
ySQPR   . 

 

Tanaxmad (16‟) 



 dxVAVBAVV
B

 )()(  TiToeuli nawilisaTvis 

gveqneba: 

                   







  xVyVV
QR


1
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                     







  yVxVV
QS


2

  . 

da radganac  
 
                           










yPR   

                          PVyVRPV 



    

 

maSin sruli veqtoris cvlilebisaTvis Caketil konturSi PRQSP (28)-is 
Tanaxmad miviRebT 
 
                            



  yxVRV                       (29)                                                              

 
sadac  (Tu gamoviyenebT aRniSvnas 








,

) 

 

                    



















  ,,R .         (30)             

 
rimanis tenzoria.  
   igive gamosaxulebis (30) miReba SeiZleba Tu Caketil konturSi 
paraleluri gadatanis magivrad vimoqmedebT veqtorul velze ori 
kovariantuli warmoebulis komutatoriT   
 
 

            


















VVRV  )(],[

            
 (31)                                                   

 
                                

 
meore wevri am gamosaxulebaSi Seesabameba e.w. grexis tenzors. Ees niSnavs, 
rom sivrces garda simrudisa SeiZleba gaaCndes grexac, Tu afinur 
bmulobas aqvs aranulovani antisimetriuli nawili. MCven Semdgom 

simartivisaTvis miviRebT rom 






 , rogorc es miRebulia zogadi 

fardobiTobis Teoriis standartul versiaSi. 
 
 
 
 
b) riCis tenzori. 
 
   Aapriorulad, rimanis 


R  tenzori Tavisi (zogadad) 256 komponentiT 

saeWvod gveCvenebaEfizikis TvalsazrisiT, radgan misi raime lagranJianSi an 
moZraobis gantolebaSi gamoyeneba gulisxmobs komponentebis aseTive 
raodenobis mqone sxva fizikur sidideebsac, rac Znelad warmosadgenia. 
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Aamitom fizikuri gamoyenebis TvalsazrisiT saubroben, rogor wesi, 
simrudes riCis tenzorze, romelic miiReba rimanis tenzoridan Tu mas 
avjamavT or indeqsis mimarT 
 
 

           





























,,
RR             (32)                      

M 
 
am tenzors gaaCnia mxolod 16 komponenti (da Tu miviRebT, rom is 
SeiZleba iyos simetriuli – sul 10). Ees ki ukve unikalur TanxvedraSia 
komponentebis im raodenobasTan, romelic gaaCnia sxvadasxva nawilakebis 
an/da velebis energia-impulsis tenzors (ix. Nnawili II). Ees garemoeba 
erTgvarad jadosnuri migiTiTebaa im kavSirze, romelic unda arsebobdes 
sirce-drois simrudesa da materiis energia-impulss Soris. 
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6. metrika. 
 
 

a) metrikis arsi da ZiriTadi gamoyenebani. 
 
   Aaqamde Cven vixilavdiT zogadad sivrceebs da ara aucileblad 
metrikul sivrceebs, romlebic unda akmayofilebdnen mTel rig damatebiT 
moTxovnebs (ix. 2). Mmagram fizikur samyaroSi sivrce-drois geometrias 
safuZvlad udevs ainStainis zogad kovariantobis principi (Zlieri 
eqvivalentobis principi), romlis Tanaxmad  sxeulis moZraoba sivrce-drois 
nebismier lokalur areSi SeiZleba iqnas ganxiluli rogorc sworxazovni 
da Tanabari, Tumca zogadad es dro-sivrce mrudea. es niSnavs, rom am 
lokalur areSi SeiZleba Semoyvanil iqnas brtyeli minkowskis sivrce, 
romlsac gaaCnia mudmivi  metrikuli tenzori (3). bunebrivia vifiqrod, 
rom Tu metrika gaaCnia sivrcis lokalur ares, maSin raime saxis metrika 
unda gaaCndes mTel fizikur sivrce-drosac, anu es sivrce-dro unda iyos 
metrikuli. sayovelTaod miRebulia (Tumca SesaZlebelia sxva 
mosazrebebic), rom es metrika aRiwereba rimanis psevdo-metrikuli 
tenzoriT (4).  
   davakvirdeT axla metrikis ZiriTad gamoyenebebs.  
 

  (i) brtyel evklidur an minkovskis sivrceSi metrika aris cxrili, 
romelSic miTiTebulia yovel or xdomilebas Soris intervalebis 
mniSvnelobebi. Mmrude sivrceSi koordinatebis enaze metrika aris aTi 

funqciis erToblioba  
 xg , iseTi rom gamosaxuleba   


xxxgS  2  

iZleva intervalis mniSvnelobas nebismier x  da masTan axlos mdebare  
 xx   xdomilebebs Soris (analogiurad usasrulod mcire 

intervalisaTvis gvaqvs 

 dxdxgds 2 ). 

   diferencialuri geometriis enaze metrika aris biwrfivi manqana 
romelic warmoqmnis ricxvebs. dauSvaT or mezobel wertils Soris 

gadaadgileba moicema mxebi veqtoriT 






x

xex



 . am or xdomilebas 

Soris intervalisTvis gveqneba 
 

                    






 eegxxexexgS ,,2   

 

                              eeeegg  ,  

 

 (ii) metrikis saSualebiT SeiZleba gamovsaxoT kuTxe or veqtors Soris 
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                 
 cos

2
UVUVgV   

                                                                (33)   

            














UUgVVg

UVg

UV

UVg
cos       

    

  (iii)  da, bolos, metrika amyarebs kavSirs veqtorsa da 1-formas Soris 
 

                                
 Vg . 

A 
anu, Tu vilaparakebT tenzoruli analizis enaze, kovariantulsa da 
kontravariantul veqtorebs (da zogadad tenzorebs) Soris.  
 
 
 
b) metrikuli tenzoris ZiriTadi gantoleba. 
 
 
   gavixsenoT veqtoris kovariantuli difirecirebis formula (19), 
romlis Tanaxmad 
  

                            



 VdxDV                          

 
sadac 


V  veqtoris kovariantuli warmoebulia (20). radgan V  da DV  

orive WeSmariti veqtoria SegviZlia davweroT Tanaxmad metrikuli 
tenzoris ganmartebisa Sendegi toloba 
 
 

                         






 DVgVgDDV  )(   . 

 
 
Tu gamoviyenebT axla tenzorebis namravlis kovariantuli diferecirebis 
formulas (22) miviRebT rom 0Dg , anu gantolebas 
  

                            0 


g                              (34) 

 
romelsac uwodeben metrikuli tenzoris ZiriTadi gantolebas. 
analogiuri gantoleba gamodis metrikuli 


g  tenzorisaTvisac.  
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g) kavSiri afinur bmulobasa da metrikas Soris. 
 
   kovariantuli warmoebulis saxis (20) uSualo gamoyeneba metrikis 
mimarT tanaxmad gantolebisa (34) gvaZlevs gantolebas 
 

                      0,  




 ggg                  (35)               

 
romelic akavSirebs bmulobas metrikasTan. aseTEBbmulobas ewodeba 
metrikasTan SeTanxmebuli Bbmuloba. Tu metrikuli tenzori 


g  ar aris 

gadagvarebuli, anu   0det 


gg , maSin arsebobs erTaderTi simetriuli  

( 



  ) da  metrikasTan SeTanxmebuli bmuloba. Aam SemTxevaSi 

gantoleba advilad ixsneba da Cven sabolod vRebulobT 
 

                     


 ,,,
2

1
gggg                    (36) 

 
rac gvaZlevs kavSirs afinur bmulobasa da metrikas Soris. 
   advilad dasanaxia, rom metrikuli tenzori da misi warmoebulebi is 
pirveladi sidideebia, romelTa meSveobiTac gamoisaxeba afinuri bmuloba 
da simrudes tenzori. Eese igi SeiZleba vivaraudoT rom gravitaciis 
TeoriaSi, romelic Tanaxmad zogadi fardobiTobis principisa sivrcisa da 
drois erTaderTi Teoriaa, es sidideebi ZiriTad dinamiuri cvladebs 
warmoadgenen. sainteresoa rom swored metrikuli tenzoris gamoyenebiT 
warmoiSveba sivrce-drois skalaruli simrudes cneba 
                              

                            


RgR 
                      

(37)
                                 

                                                                                                                             

 
am sidides uwodeben riCis skalars. is, rogorc vxedavT, invariantulia 
zogad kovariantuli gardaqmnebis mimarT, anu misi mniSvneloba ar icvleba 
roca erTi aTvlis sistemidan gadavdivarT nebismier sxva sistemaSi.  
 
 
d) metrikuli tenzori cilindrul da sferul koordinatebSi.  
 
  erTi koordinatebidan meoreze gadasvlisas metrika gardaiqmneba 
rogorc tenzori Tanaxmad zogadi wesisa (7)  
 

                           j

l

lki

k

ji
y

z
g

y

z
g











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   (i) Tu Cven vsaubrobT wminda sivrcul gardaqmebze brtyel sivrceSi 
maSin metrikas dekartes koordinatebSi aqvs erTeulovani matricis saxe 
 

                            


















100

010

001

kig  

 

   (ii) cilindrul koordinatebSi  zyyry  321   es metrika 
gadava 
 

                           



















100

00

001
2rg ki  

   
 

(iii) xolo sferul koordinatebSi    321 yyry  ki miviRebT 
 

                           



















22

2

sin00

00

001

r

rg ki . 

(ix. amocana 6). 
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amocanebi. 
 
 
 

1. mocemulia veqtori yVxV yx  2  da 
f  1-forma, romelic  

  dakavSirebulia funqciasTan 
2

2
2 y

xf  :  

     
y

f

x

f
yfxf









  . 

a) ipoveT am veqtoris da 1-formis komponentebi nebismier 
  motrialebul sistemaSi. 
b)  ipoveT maTive komponentebi polarul koordinatebSi. 

g) daamtkiceT, rom 

 gV  . 

d) daamtkiceT, rom  )(2 VV
f

 .  

 
2. mocemulia veqtori    vuPV , miTiTebuli dekartes  

  koordinatebiT da misi paraleluri gadatana aris    PVQPV  ,    

   anu is ar cvlis koordinatebs.   

a) ipoveT gadasvlis matricebi 
  dekartes (x, y) koordinatebidan  

   ,r  polarul koordinatebSi. 
b) ipoveT yvela aranulovani bmulobis koeficientebi. 
 
3. mocemulia ori wertili dekartes koordinatebiT Sesabamisad  

  P(a, 0) da  Q   sin,cosa  da gvaqvs veqtori  PV  koordinatebiT 
  (1,0). vawarmoebT am veqtoris paralelur gadatanas wrewiris  

  gaswvriv P-dan Q wertilSi.  
  aCveneT, rom gadatanili )( QPV   veqtoris koordinatebia 

    sin,cos 1 a . 
 
4. evklidur sivrceSi (dekartes koordinatTa sistema) mocemulia   

  wrfe x=a. rogorc parametri avirCioT y .  
  daamtkiceT, rom polarul koordinatTa sistemaSi marTebulia  
  geodeziuris gantolebebi. 
 
5. daamtkiceT rom geodeziuri wiris siCqare τddxV μμ /=   
  akmayofilebs pirobas ( ) 0=∇ μ

ρ
V , anu am siCqaris kovariantuli  

  warmoebuli yovelTvis udris nuls. 
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6. gansazRvreT metrikuli tenzoris 
g -s saxe sferul da   

  cilindrul koordinatebSi brtyel sivrceSi. 
 
7. aCveneT, rom  

V  gardaiqmnebi rogorc tenzori. 
 
8. daamtkiceT, rom 













 






x

 agreTve gardaiqmneba rogorc  

  tenzori,  sadac 


  1-formas komponentia 

 
9. ganvixiloT 2-sfero da – vTqvaT - vimyofebiT mis zedapirze.  
  ipoveT: 
a) ?2 ds  

b) yvela aranulovani afinuri bmulobis koeficienti 

 . 

g) gamoTvaleT riCis tenzori 


 RR  . 

d) gamoTvaleT riCis skalari 

 RgR  . 

e) dawereT geodeziuri wiris gantolebebi. 
 
 
10. ipoveT rogor gardaiqmneba  
 
a) 4-ganzomilebiani moculoba xd 4   

b) 4-ganzomilebiani delta funqcia )(4 yx    
g) 4-indeqsiani antisimetriuli tenzori   
 
  zogad koordinatTa gardaqmnebis dros. Sedegi gamosaxeT  
  metrikuli tenzoris determinantis gamoyenebiT. 
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II. Kklasikuri nawilakebi da velebi 
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I. nawilakebi 
 
 
 
  

1. Sesavali. 
 

 

 

   klasikur ara-relativistur meqanikaSi erTerTi pirveladi cnebaa 
elementaruli fizikuri obieqti (efo) an, sxvanairad, materialuri 
wertili. am cnebis qveS igulisxmeba sxeuli, romlis zomebic SeiZleba 
ugulebelvyoT mocemuli moZraobis aRwerisas. Cven gavavrcelebT - 
ramdenad SesaZlebelia - am cnebas relativisturi nawilakebisTvisac (Tavi 
II) magram zogadad relativisturi Teoriis SemTxvevaSi wina planze 

gamodian velebi, radgan Warbi energiebis gamo (E>>m, m – nawilakis masaa) 
nawilakebi kargaven sawyiss individualobas (gadadian sxva nawilakebSi), 
maTi raodenoba ar inaxeba da SeuZlebeli xdeba MmaTi aRwera wminda 
meqanikuri midgomis CarCoebSi (ix. Tavi III). 

aq Cven saubari gveqneba klasikur ara-relativistur meqanikaze 
tradiciulad gansazRvruls galileos sivrce-droSi (ix.Nnawili I), 
romelSic 3-ganzomilebiani evkliduri sivrce separirebulia drosgan (anu 
rogorc amboben, Cven vimyofebiT (3+1)-ganzomilebian sivrce-droSi). 
Sesabamisad Cven vimuSavebT inerciul aTvlis sistemaSi, anu aTvlis iseT 
sistemaSi sadac efo-saTvis es sivrce erTgvarovani da izotropiulia, dro 
ki erTgvarovani da, amis garda, gadasvla erTi aTvlis sistemidan meoreSi 
xdeba galileos gardaqmnebis saSualebiT (ix.Nnawili I, Tavi I). Anebismier 
aseT sistemaSi efo-s mdgomareoba sivrce-droSi (misi mdebareoba da 
evolucia)  srulad aRiwereba ganzogadebuli koordinatebiT da 
siCqareebiT (an impulsebiT) Tu cnobilia Sesabamisi sawyisi da sazazRvro 
pirobebi. 

Cven daviwyebT hamiltonis minimaluri qmedebis principiT rom davinaxoT 
is erTaderTi bunebrivi traeqtoria, romelsac efo unikalurad irCevs 
Tavis moZraobis dros.  davasaxelebT am moZraobis integralebs da 
gamoviyvanT maT sivrce-drois Tvisebebidan. 

SeviswavliT efo-s (da sxva fizikuri sistemebis) moZraobis gantolebebs 
ori sxvadasxva, lagranJis da hamiltonis  formalizmis midgomaSi. pirvel 
SemTxvevaSi es iqneba meore rigis diferencialuri gantolebebi, xolo 
meoreSi ki pirveli rigis. 
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2. qmedeba da lagranJiani. 
 
 
 
a) minimaluri qmedebis principi. 

 
   es universaluri principi, romelic pirvelad iyo Camoyalibebuli 
hamiltonis mier, warmoadgens meqanikuri moZraobis ZiriTad postulats: 
   yoveli meqanikuri sistema xasiaTdeba garkveuli droisa, 
koordinatebisa da siCqareebis analizuri funqciiT, romelsac ewodeba 
lagranJianis funqcia anLlagranJiani 
 

                               ),,(
.

txxL                            (1)                  
 
da amasTan Tu drois 

1
tt  da 

2
tt   momentebSi sistemas ukavia 

gansazRvruli mdebareobebi, romlebic xasiaTdeba koordinatTa ori 
krebuliT )1(x da )2(x  maSin am mdebareobebs Soris sistema moZraobs ise, rom 

integrals  
   

                              
2

1

),,(
.

t

t

dttxxLS                      (2)                                                  

 
romelsac qmedeba ewodeba, aqvs minimaluri (saerTod ki eqstremaluri) 

mniSvneloba. Qqmedeba S funqcionalia, romelic zogadad aRwers sistemis 
moZraobas  am or mdebareobas Soris uamravi SesaZlo traeqtoriis 
gaswvriv. magram minimaluri qmedebis principis Tanaxmad buneba irCevs 
maTgan mxolod erTaderTs, swored imas romelic uzrunvelyofs qmedebis 
minimalurobas. 
 
 
 
b) lagranJiani da moZraobis gantolebebi. 
 

LlagranJiani, rogorc avRniSneT, koordinatis, siCqaris da drois 
funqciaa (1). lagranJiani ar Seicavs koordinatis ufro maRal 
warmoebulebs, Tumca es ar aris akrZaluli fizikis arc erTi principiT, 
garda bunebrivi simartivisa.  marTlac, aRmoCnda rom meqanikuri sistemis 
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mdgomareoba mTlianad ganisazRvreba koordinatisa da siCqaris mocemiT da 
ar aris saWiro ufro maRali rigis warmoebulebis ganxilva. 

gamoviyvanoT axla am sistemis (kerZod efo-s) moZraobis gantoleba 
hamiltonis principze dayrdnobiT. simartivisaTvis ganvixiloT SemTxveva, 
roca efo-s gaaCnia mxolod erTi Tavisuflebis xarisxi, romelic 

aRiwereba erTi “moZravi” koordinatiT x.  vTqvaT, x=x(t)  aris is funqcia 
romlisTvisac qmedebas aqvs minimumi. Aanu nebismieri wanacvlebuli 

funqciisaTvis )()( txtx   qmedeba izrdeba. aq )(tx   am funqciis 
infinitizemaluri (anu usasrulod mcire) variaciaa mTels ),(

21
tt  

intervalSi.  radganac drois 
1

tt   da 
2

tt   momentebisaTvis unda miviRoT 

Sesabamisad )1(x da )2(x  mniSvnelobebi, amitom  

 

                          0)()( 21  txtx  .                    (2‟) 
 
iseve rogorc Cveulebrivi funqciisaTvis minimalurobis aucilebeli 

piroba misi pirveli warmoebulis nulTan tolobaa, S qmedebis (2) minimumis 
arsebobis aucilebel pirobas warmoadgens misi pirveli variaciis nulTan 
toloba, anu  

 
                

           0),,(
2

1

2

1

.

.

.

  


















t

t

t

t

dtx
x

L
x

x

L
dttxxLS    .          (3) 

 

Tu gaviTvaliswinebT axla, rom x
dt

d
x  
.

 da movaxdenT meore wevris 

nawilobiT integrirebas, miviRebT  
 
   

             





























2

1

2

1

0
..

t

t

t

t

xdt

x

L

dt

d

x

L
x

x

L
S 

    .       (3‟)                    

 
 
am gamosaxulebaSi pirveli wevri integrirebis sazRvarebze Tanaxmad (2‟) 
avtomaturad qreba, xolo meoredan - radganac koordinatis variaciis 

sidide x   nebismieria - qmedebis minimalurobis pirobis 
dasakmayofileblad aucilebelia rom sruldebodes gantoleba 
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                           0
.











x

L

dt

d

x

L
    .                   (4)                        

 
anu Cven miviReT moZraobis diferencialuri gantoleba, romelsac zogadad 
eiler-lagranJis gantolebas uwodeben. 

vTqvaT, vixilavT ara erT nawilaks aramedNs nawilakTa sistemas, 

romelTa mdgomareobis gansazRvrisaTvis unda mocemul iqnas N 3sN 
koordinati (vixilavT (3+1)-ganzomilebian galileos sivrce-dros). 

Sesabamisad sistemis Tavisuflebis xarisxic 3s-ia. zogadad ar aris 
aucilebeli rom yvela es sidide iyos dekartes koordinati - amocanis 
Sesabamisad es SeiZleba iyvnen nebismieri sxva tipis koordinatebi an sulac 

raRac zogadi maxasiaTeblebi. nebismier 3s sidides 
s

qqq
321

,....,, , romlebic 

srulad aRweren 3s Tavisuflebis xarisxis mqone sistemas, ganzogadebuli 
koordinatebi ewodebaT. Sesabamisad ganzogadebuli koordinatebis pirveli 

warmoebulebi  
iq

.

 ganzogadebuli siCqareebia. ganzogadebuli 
koordinatebisaTvisa da siqareebisaTvis eiler-lagranJis ganotoleba (4) 
Rebulobs saxes ( si 3,...,2,1 ) 

 

                     0. 























i
i q

L

dt

d

q

L
         .              (4‟) 

    
   advilad dasanaxia rom lagranJians ganmartebisamebr gaaCnia Semdegi 
Tvisebebi: 
 

   (i) Tu lagranJiani aRwers or daSorebul nawilaks (an sistemas) A da 

B, romlebic ar urTierTqmedeben erTmaneTTan maSin MMmaTi 
saerToLlagranJiani aris jami lagranJianebisa, anu 
 

                              
BABA

LLL 


                        (5) 

 
lagranJianis aditiurobis Tviseba (8) gamoxatavs im faqtis, rom nawilakebi 

A da B  moZraoben damoukideblad Tu urTierTqmedeba maT Sori ar 
arsebobs; 

   (ii) MmTliani LlagranJianis gamravleba nebismier aranulovan ricxvze 
ar cvlis moZraobis gantolebebs; 
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   (iii) LlagranJianis wanacvleba koordinatebisa da drois nebismieri 
funqciis sruli warmoebuliT ar cvlis moZraobis gantolebebs, radgan 
qmedebis variaciis dros (ix. (3)) es sruli warmoebuli wvlils ar iZleva. 

   (iv)  lagranJians aqvs masis ganzomileba im erTeulTa sistemaSi, sadac 
droisa da sigrZis erTeulebi uganzomilebani arian da, Sesabamisad, 
qmedebac uganzomileboa.  
 
   Mmiuxedavad imisa rom moZraobis gantolebebis mimarT LlagranJiani 
gamoiyureba garkveul wilad rogorc damxmare da komplementaruli cneba 
zogadad swored masSia warmodgenili mTeli informacia meqanikuri 
sistemis evoluciis Sesaxeb – simetriebi da moZraobis integralebi, 
damatebiTi kavSirebi, realuri da SesaZlo (virtualuri) traeqtoriebi, 
Ria da Caketili sistemebis Taviseburebani da a.S. 
 
  
 
g) dinamiuri sidideebi 
 

Mmeqanikuri moZraobis ZiriTadi sidideebi, rogoricaa impulsi da 
energia, SeiZleba uSualod gamoyvanil iqnas qmedebidan (2) Tu mas 
ganvixilavT rogorc koordinatis da drois funqcias. anu mis variaciis 
dros (ix. (3‟)) koordinatis variacias sawyis 

1
t  momentSi aviRebT nulis 

tolad  0)(
1
tx , xolo 

2
t momenTSi mivcemT zogad aranulovan mniSvnelobas 

xtx  )(
2

. MmaSin zogadad - qmedebis warmoebulebis saxiT - SeiZleba 

SemoviyvanoT sidideebi 

 

                                               
t

S
E

x

S
p









 ,                                           (6)                                          

 
romlebsac impulss da energies uwodeben.  
   vipovoT axla maTi gamosaxulebebi lagranJianis meSveobiT. radgan 
realuri moZraobis traeqtieria unda akmayofilebdes eiler-lagranJis 
gantolebas  integrali qmedebis variaciaSi (3‟) SeiZleba aviRoT nulis 
tolad da am gamosaxulebis pirveli wevridan vRebulobT 
 

                                                    
x

L

x

S
p









    .                                                    (6’) 

 
Sesabamisi gamosaxuleba energiisaTvis miiReba Tu aviRebT qmedebidan srul 
warmoebuls droiT 
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                                               x
x

S

t

S

dt

dS










         . 

 
Tu gavixsenebT rom qmedebis ganmartebisamebrU(2) marcxena mxare am 
tolobaSi zustad udris lagranJians miviRebT wina gantolebis (6‟) 
gamoyenebiT, rom 
 

                                                 Lx
x

L

t

S
E 









 


        .                                     (6’’) 

 
Gganzogadebul koordinatebsa da siCqareebSi es sidideebi Caiwereba 
rogorc 

                 

i

i

q

L
p




    ,     L

q

L
qE

i

ii





 .

.                   (6‟‟‟)              

 
da am saxiT warmodgenisas maT uwodeben ganzogadebul impulss da 
energias. Cven male davinaxavT rom es sidideebi arian meqanikuri sistemis 
moZraobis ZiriTadi integralebi - maTi mkacri Senaxva gamomdinareobs, 
Sesabamisad, sivrcisa da drois erTgvarovnebidan.  
   Ggavnmartod aseve ganzogadebuli Zala,  
 

                                
ii

pF
.

                              (7)       

 
romelic moZraobis gantolebis (4‟) gamoyenebisE Semdeg agreTve 
gamoisaxeba lagranJianis saSualebiT rogorc   
 

                      
i

i

i
i

q

L

q

L

dt

d

dt

dp
F



























. .                     (7‟) 

 
 
 
d) magaliTi (rogor muSaobs hamiltonis principi). 
 
   ganvixiloT martivi sailustracio magaliTi. aviRoT erTi Tavisuflebis 
xarisxis mqone efo. dauSvaT rom mis lagranJians aqvs  saxe  
 

                        )(
2

.
2

xU
xm

L                             (8)                                          
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(Cven male marTlac davrwmundebiT rom erTnawilakovan sistemas romelic 
imyofeba potenciur )(xU  velSi Seesabameba swored es lagranJiani, ix. 
(14)). 
   gamoviyenoT Sesabamisi eiler-lagranJis gantoleba.  Tanaxmad zogadi 
gantolebisa (4) , gveqneba 
  

                            
x

xU
xm






)(..                            (9)                                     

 

e.i. vRebulobT niutonis meore kanons, Tu m parameters lagranJianSi (8) 
gavaigivebT efo-s masasTan. 
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3. nawilakis moZraoba. 
 
 

 
a) sivrce-drois Tvisebebi da niutonis pirveli kanoni. 
 
   ganvixiloT Tavisuflad moZravi efo (vTqvaT, elementaruli nawilaki) 
aTvlis inerciul sistemaSi, romlis mimarT, rogorc avRniSneT, sivrce aris 
erTgvarovani da izotropuli, dro ki erTgvarovani.  

   sivrcisa da drois erTgvarovnebidan gamomdinare am obieqtis 
lagranJiani  ar SeiZleba iyos damokidebuli sivrcul koordinataze an 
droze cxadad, radgan koordinatisa da drois wanacvlebisas lagranJiani 
unda rCebodes ucvleli: 
 

                ),,(),,(
.

0

.

0
txxLttxxxL


  . 

 
 
amrigad Tavisufali efo-s lagranJiani mxolod siCqaris funqcia unda iyos, 

)(
.

xLL


 . amavdroulad sivrcis izotropiulobidan gamomdinare igi ar 
SeiZleba iyos damokidebuli arc siCqaris mimarTulebaze, e.i. igi mxolod 
siCqaris modulis x

  funqciaa. ATu amasTan erTad gaviTvaliswinebT, rom 

zogadad lagranJiani Tavisi cvladebis analizuri funqciaa maSin is unda 
iyos am siCqaris kvadratze damokidebuli,  
                           

                              )(
.

2xLL


   .                        (10) 
 
amasTan, Tu CavsvamT am LlagranJians moZraobis gantolebis (4) 3-
ganzomolebianMgamosaxulebaSi, miviRebT  
                        

                     constxxL
x

L

dt

d












 ...

. 0'0



           (11)     

 

sadac 'L  niSnavsL )(/
.

2xL


  da, radgan es warmoebuli siCqaris kvadratis 
mimarT zogadad nulis toli ar aris, mivdivarT daskvnamde rom maSin 
aCqareba unda iyos nuli, anu efo-s siCqare 

.

xv


  iyos konstanta.  
  amrigad, miviReT rom aTvlis inerciul sistemaSi yoveli Tavisufali 
moZraoba xdeba mudmivi mimarTulebis da sididis siCqariT, rac niutonis 
inerciis kanonis Sinaars warmoadgens. 
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b) invariantoba halileos gardaqmnebis mimarT da efo-s lagranJiani. 
 
 
   ganvixiloT Tavisuflad moZravi efo-s lagranJianisTvis (10)  halileos 
gardaqmnebi  

                          



..

xx                             (12)       
 

aTvlis K sistemidan K’ sistemaSi, romelic moZraobs K sistemis mimarT 

usarulo mcire fardobiTi siCqariTK 
 . lagranJianis invariantoba am 

gardaqmnebis mimarT niSnavs rom is an ucvleli unda darCes an SeiZleba 
Seicvalos  mxolod raime funqciis sruli warmoebuliT, rac, rogorc 

viciT (ix. zemoT lagranJianis Tviseba (iii)) ar Secvlis efo-s moZraobis 
gantolebas.  efo-s wanacvlebuli siCqaris (12) Casma lagranJianSi (10) da 

misi teiloris mwkrivad daSla gvaZlevs - 
 -is mimarT pirveli rigis 

wevrebis sizustiT - Semdeg gamosaxulebas 
 
 

                  2

2

22 )(2
)(

)()))((  Ox
x

L
xLxL 









   . 

 
 
am gamosaxulebaSi meore wevri iqneba sruli warmoebuli mxolod 
erTaderT SemTxvevaSi Tu masSi myofi kerZo warmoebuli aris konstanta, 
anu  

                                                        2/)(/ 2
.

2 mxL 
  

                 
sadac Cven gaviTvaliswineT rom am konstantas unda hqondes masis 
ganzomileba (im erTeulTa sistemaSi sadac qmedeba uganzomileboa). am 
gantolebis integrirebis Sedegad sabolood vRebulobT rom Cven 
lagranJians unda hqondes saxe  

                              
2

2xm
L


                             (13)                           

 
romelSic integrirebis konstanta aRebulia nulad, radgan aseTi 
konstantis arseboba ar cvlis moZraobis gantolebebs, da ese igi mas 

fizikuri azri ar aqvs. avRniSnoT aseve rom lagranJianSi (13) Semavali m 
parametri marTlac nawilakis masaa, radgan sworeT ase gansazRvruli  
masa Seesabameba niutonis meore kanons (9). is aucileblad unda iyos 
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dadebiTi ( 0m ) rom qmedeba variaciis Sedegad arCeuli traeqtoriis 
gaswvriv Rebulobdes swored minimalur da ara maqsimalur mniSvnelobas.  
 
 
 
g) lagranJiani urTierTqmedi nawilakebisTvis. niutonis meore kanoni. 
 

axla vnaxoT rogor gamoiyureba lagranJiani urTierTqmedi 

nawilakisaTvis. vTqvaT gvaqvs n nawilakovani sistema. lagranJianis 
aditiurobis Tvisebis gamo (ix. zemoT (5)), Tu nawilakebs Soris 
urTierTqmedeba ar arsebobs mas eqneba saxe 

 

                     


n

i

ii
xm

L
1

2

2


  .  

 
urTierTqmedebis SemTxvevaSi ki, Tu es urTierTqmedeba aRiwereba mxolod 

nawilakTa koordinatebis funqciiT –U(x), am sistemis srul lagranJians 
eqneba saxe 

                       )...,,(
2

21

2

xxU
xm

L
i

ii


                    (14)                       

 

saidanac i-uri nawilakisTvis Sesabamisi moZraobis gantolebaSi CasmiT 
miviRebT gantolebas 

                             

i

i

x

U
xm 







..

   .                       (15) 

 
nawilakze momqmedi Zalisa (ix. (7‟)) 
 

                             

i

i

x

U
F 





                             (7‟‟)   

 
da mis aCqarebas Soris. Ees ki, rogogc mixvdiT, niutonis meore kanonia.   
   avRniSnoT rom pirvel wevrs lagranJianSi (14) uwodeben kinetikur 

energias T, xolo mis meore wevrs potenciur energias U, ase rom 
lagranJiani zogadad kinetikuri  da potenciuri energiebis svaobaa. 

NniSani “-” U-s win SerCeulia ise rom Zala niutonis kanonSi (15) iyos 
dakavSirebuli potencialis SemcirebasTan (uaryofiTi gradienti) da ara 
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mis zrdasTan, Tumca es arCevani pirobiTia da SesaZlebelia Zalis 
sawinaRmdego niSniniTac ganmarteba. 
   AgansakuTrebiT aRsaniSnavia, rom miuxedavad imisa rom Cven aqamde 
vsauabrobdiT mxolod drois erTgarovnebaze, aRmoCnda rom is aseve 
izotropulicaa, anu misi Tvisebebi orive mimarTulebiT (warsuli-
momavali) meqanikuri sistemebTan mimarTebaSi ekvivalenturia. marTlac, 
advilad davinaxavT rom Cveni lagranJiani (14) da moZraobis gantolebebi 

(15) drois arekvlis (t  -t) mimarT invariantulebi arian. Ees ki niSnavs 
rom nebismieri moZraoba klasikur meqanikaSi Seqcevadia – Tu arsebobs 
garkveuli moZraoba arsebobs mis mimarT droSi Sebrunebulic. 
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 4. simetriebi da Senaxvis kanonebi. 
 
 
 

   davakvirdeT axla ufro zustad im simetriebs, romlebic zogadad 
gaaCnia lagaranJians da miviRoT maTTan dakavSirebuli Senaxvis kanonebi.   
sivrcisa da drois erTgvarovneba da izotropiuloba gvaZles ara marto 
SesaZleblobas davadginoT LlagranJianis saxe, aramed miviRoT is 
konkretuli Senaxvadi sidideebic, e.w. moZraobis integralebi, romlebic 
dakavSirebulia ama Tu im lagranJianTan. es fundamenturi kavSiri 
lagranianis simetriebsa da Sesabamis Senaxvis kanonebs Soris damyarebulia 
emi nioteris cnobil Teoremaze.L  

   Cven qvemoT ganvixilavT zogad LlagranJians L  , romelic aRwers 
mravalnawilikovan sistemas ganzogadoebili koordinatebisa 

i
q  da 

siCqareebi 
i

q  saSualebiT (i = 1, 2,…...). 

 
 

a) moZraobis integrali  dakavSirebuli drosTan - energia. 
 
   am moZraobis integralis arseboba gamowveulia drois erTgvarovnebiT. 
radgan - aqedan gamomdinare - lagranJiani ar unda Seicavdes dros cxadi 
saxiT, misi droiT sruli warmoebuli iqneba  
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saidanac vRebulobT 

                      0
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





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
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rac niSnavs rom frCxilebSi moTavsebuli sidide mudmivia. am sidides 
sistemis sruli energia ewodeba      
                             

                         






i
i

i constL

q

L
qE
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.

                      (16)                                   
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igi meqanikuri sistemis moZraobis ZiriTadi integralia. aseT sistemebs 
romelTa sruli energia inaxeba konservatul sistemebs uwodeben. Tu 
gamoviyenebT am gamosaxulebas (16) efo-s lagranJianis (14) kerZo 
SemTxvevisaTvisBmiviRebT rom 
 

E                           E = T + U 
 
anu efo-s sruli energia Emisi kinetikuri da potenciuri energiebis jamia. 
 
 
 
b) moZraobis integralebi  dakavSirebuli sivrcesTan. 
 
   es moZraobis integralebi dakavSirebulia sivrcis erTgvarovnebasa da 
izotropulobasTan. vTqvaT gvaqvs wanacvleba ganzogadebuli 
koordinatebisaTvis da Sesabamisad ganzogadebuli siCqareebisTvisac  
 

               iii fqq   ,    iii fqq
...

                    (17) 
 

sadac   mcire (infinitizemaluri) mudmivi parametria. lagranJianis 
cvlileba am gardaqmnebis Sedegad iqneba 
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tqqLtfqfqLLL
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     (18) 

 
 
lagranJianis invariantoba gardaqmnebis (16) mimarT iTxovs rom es 
cvlileba (18) nulis toli unda iyos, anu sidide  
   

                              constpf
i

ii                         (19)                                    

 
konstantaa da e.i. is moZraobis integrali unda iyos.  
 
   ganvixiloT ori SesaZlo SemTxveva: 
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   (i) vTqvaT sistema wavanacvleT erTi da igive radius-veqtoriT 
ii

anf  , 

sadac 
i

n =(1,1,1) erTeulovani veqtoria. maSin radgan zogadad sidide a 

nulisagan gansxvavebulia vRebulobT sruli  impulsis Senaxvis kanons 
 
 

                   constpP
i

i
  (20)                                        

.                      

   (ii) Tu  axla 
kjijki axf  , sadac ka  nebismieri aranulovani 

parametribiaa, miviRebT sruli momentis Senaxvis kanons:  
 
 

               constMMconstpxa
k

ki
ijijkk

         (21)    

 
sadac 

ijijkk
pxM   erTerTi nawilakis momentia.          

    
   davazustoT rom yovel ganzogadebul koordinats romelic ar Sedis 
lagranJianSi cxadi saxiT cikluri koordinati ewodeba. am SemTxvevaSi 
moZraobis gantolebis (ix. (4‟)) Tanaxmad Sesabamisi koordinatisaTvis 

i
q  

gvaqvs   
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dt
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saidanac vRebulobT rom masTan SeuRlebuli ganzogadebuli impulsi (5) 
yovelTvis moZraobis integralia. 
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5. moZraobis gantolebebis amoxsna. 
 
 
 
 
a) idea: Senaxvis kanonebis gamoyeneba. 
 

   moZraobis integralebis arseboba bevr SemTxvevaSi iZleva saSualebas  
gavakeToT mTeli rigi amomwuravi daskvnebisa sistemis mdgomareobis 
Sesaxeb, Tu cnobilia am sistemis mdgomareoba sawyis drois momentSi. 
Aamrigad meore rigis diferencialuri eiler-lagranJis gantolebebis 
mirdapiri amoxsna aRar aris aucilebeli. qvemoT am ideis ilustraciis 
mizniT ganvixilavT nawilakis 1-ganzomilebian moZraobas da mis moZraobas 
centralur-simetriul velSi.  

 
 

 
b) 1-ganzomilebiani moZraoba. 
   
rogorc vnaxeT es moZraoba aRiwereba lagranJianiT (14), romelsac 1-
ganzomilebian moZraobis SemTxvevaSi eqneba saxe 
 

                         )(
2

.
2

xU
xm

L  . 

A 
am lagranJianTan dakavSirebuli ZiriTadi moZraobis integrali nawilakis 
sruli energiaa  

                         )(
2

.
2

xU
xm

E   

 

rac TavisTavad warmoadgens pirveli rigis diferencialur gantolebas x 
koordinatis mimarT  
 

                                                        xUE
mdt

dx


2   . 

 
 
cvladTa gancalebiT miviRebT amonaxsns droisaTvis   
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 const
xUE

dxm
t

2
                 (22) 

 
sadac konstantis povna SeiZleba amocanis sawyisis 
pirobebidan. amasTan, radganac kinetikuri energia 
(fesvis qveS) arsebiTad dadebiTi sididea, moZraoba 
SesaZlebelia sivrcis mxolod im areSi sadac 
  ExU  . Arogorc Cans marcxena naxazidan moZraoba 

xdeba mxolod  AB ubanSi, Tu Sesabamiss 

wertilebSi A da B (romlebsac uwodeben  
gaCerebis an mobrunebis wertilebs)   ExU  . Ees e.w.  
finituri moZraobaa. piriqiT, Tu moZraobis are 

SeuzRudavia an SemosazRvrulia erTi mxridan da nawilaks aqvs 
usasrulobaze gasvlis SesaZlebloba maSin moZraoba infinituria. 
erTganzomilebiani finituri moZraoba faqtobrivadDrxeviTia - nawilaki 
asrulebs periodulad ganmeorebad moZraobas or sasazRvro wertils 
Soris. am osciliaciis periodi pirdapir gamoiTvleba formuliT (22) 
integralSi Sesabamisi zRvrebis miniSnebiT. 
 
 
 
g) moZraoba centralur-simetriul velSi. 
 
   ganvixiloT SemTxveva roca nawilaki moZraobs nebismier centralur 
velSi. miviRoT simartivisTvis, rom es moZraoba 2-gazomilebiania, anu 
moZraoba xdeba sibrtyeSi (ix. amocana 7). am SemTxvevaSi gveqneba ori 

moZraobis integrali, nawilakis energia E da momenti M, 

                        

                  
 

.
2

.
22

.
2

2





mrM

rUrr
m

E













                      (23)                         

 
sadac orive gamosaxuleba Cawerilia polarul koordinatebSi. amovxsnaT 
es pirveli rigis diferencialuri gantolebaTa sistema  radius-veqtorisa 

r da polaruli kuTxis   mimarT. vRebulobT (meore gantolebis pirvelSi 
CasmiT da Semdgom cvladebis gancalebiT da uSualo integrirebiT) 

amonaxsnebs droisTvis t  
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  






22

22

rm

M
rUE

m

dr
t

                       (24)                                        

 
 
da kuTxisaTvis   (anu moZraobis traeqtoriisaTvis)   
 
 

                       

  






2

2

2

2
r

M
rUEm

dr
r

M


                      (25)                                  

 
 
(integrirebis konstantebi ganulebulia specialurad SerCeuli sawyisi 
pirobebiT).  
   Dadvilad dasanaxia rom drois amonaxsni (24) praqtikulad emTxveva 
erTganzomilebiani moZraobis amonaxsns (22). anu moZraobis radialuri 
nawili centralur-simetriul velSi SeiZleba ganvixiloT rogorc 1-
ganzomilebiani moZraoba  potenciuri energiiT  
 
                                  

                       
2

2

2mr

M
rUU

eff
  

 

sadac 
2

2

2mr

M
 wevrs centrgamSori energia ewodeba. Edamokidebuli sruli 

(E) da efeqturi potenciuri (
eff

U ) energiebis Sefardebaze Cven, isev 

rogorc 1-ganzomilebiani moZraobis dros, gvaqvs infinituri (
eff

UE  ) an 

finituri (
eff

UE  ) moZraoba.  Aam SemTxvevaSi perioduli finituri 

moZraoba niSnavs orbitalur moZraobas Tu mis sawyiss potencials aqvs 

yvelasTvis cnobili saxe U(r) = 1/r   (amocana 8). 
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6. hamiltoniani. 
 
 

   lagranJis formalizmSi meqanikuri sistemis mdgomareobis aRwera xdeba 
ganzogadebuli koordinatebiT da siCqareebiT. magram SesaZlebelia am 
mdgomareobis aRwera ganzogadebuli koordinatebisa da impulsebis 
saSualebiT, rac rig SemTxvevebSi Zalian mosaxerxebelia. rogorc 

davinaxavT Tu lagranJis formalizmSi gvaqvs n cali meore rigis 
diferencialuri gantoleba am alternatiul arweraSi, romelsac 

hamiltonis formalizms uwodeben, miviRebT 2n cal pirveli rigis 
gantolebas. 

 
 

 
a) hamiltonisa da Hhamilton-iakobis gantolebebi. 
 

gadasvla erTi ganzogadebuli cvladTa sistemidan meoreze zogadad 
xorcieldeba e.w. leJandris gardaqmnebiT, romlebic Cven SemTxvevaSi - 

lagranJis cvladebidan (
.

,
i

qq ) hamiltonis cvladebze (
i

pq, ) gadasvlisas -   

SemdegSi mdgomareoben:  
  

            

 

  

    










i
ii

i
iii

i
i

i i i i i
iii

i
i

i
iiiiiii

i

i

i

dqpdqpLqpd

dqpqpddqpqdpdqpqd
q

L
dq

q

L
dL

...

......

.

 

 

sadac Cven gamoviyeneT ganzogadebuli impulsis gansazRvreba (6‟‟‟). Bbolo 
formulaSi diferencialis qveS mdgomi sidide warmoadgens sistemis 
energias, romelsac  koordinatebiTa da impulsebiT gamosaxuls ewodeba 
hamiltonis funqcia an hamiltoniani 

                            
i

ii LqptqpH
.

,,   .                    (26)    

hamiltonianis sruli diferencialisTvis gvaqvs 
 

                    
i

ii
i

ii
dpqdqpdH

..

 

rasac saboloo jamSi mivyevarT Hhamiltonis kanonikuri gantolebebis 
sistemamde 
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i

i

i

i
q

H
p

p

H
q











..

  .                    (27)                      

 
es gantolebebi im SemTxvevaSi, roca SesaZlebelia leJandris gardaqmnebi 
(anu SesaZlebelia ganzogadebuli siCqareebidan ganzogadebul impulsebze 
gadasvla, ix. zemoT gantolebebi (6‟‟‟)), wamoadgenen meqanikuri sistemis 
arweris alternatiul SesaZleblobas - iseTive sruls rogorsac iZlevian 
eiler-lagranJis gantolebebi, magram rig SemTxvevaSi ufro martivs, 
radgan hamiltonis gantolebebi, rogorc vxedavT, pirveli rigis 
diferencialuri gantolebebi arian (ix. amocana 10).  
   Tu gamoviyenebT axla kavSirs (6‟‟) energiasa da qmedebas Soris da 
gamovsaxavT energias koordinatebisa da impulsebis saSualebiT miviRebT 
axal gantolebas hamiltoniansa da qmedebas Soris 
 

                           ),,( tpqH
t

S




                     (28)                 

D 
da bolos, Tu am gantolebaSi SevcvliT Tanaxmad (6) impulsebs qmedebis 
warmoebulebiT, miviRebT e.w. Hhamilton-iakobis gantolebas – pireveli 
rigis diferencialur gantolebas 
 

                          ),,( t
q

S
qH

t

S

i

i








                 (29)              

 

romelsac unda akmayofilebdes qmedebis funqcia S(q,t). Tavsufali 
nawilakisTvis 
 

                  
m

p
Hxm

x

L
p

xm
L

22

22 









           (30)      

 
am gantolebas, zemoTmoyvanili gantoleba (6)-is Tanaxmad,  aqvs 
gansakuTrebiT martivi saxe 
                       

                  0
2

1
222





















































z

S

y

S

x

S

mt

S  .           (31)       

Zogadad, Hhamilton-iakobis gantoleba, romelSic damoukidebeli 
cvladebi arian mxolod koordinatebi da dro warmoadgens klasikuri 
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meqanikis kidev erT – damatebiT eiler-lagranJisa da hamiltonis 
gantolebebTan – aRweris SesaZleblobas. Aam midgomis formulireba iseTi 
universaluri cnebis saSualebiT rogoricaa qmedeba ganapirobebs mis 
efeqtur gamoyenebas fizikis sxva dargebSic 
     
 
b) puasonis frCxilebi. 
 

vTqvaT  tqpf ,,  aris ganzogadebuli koordinatebisa da impulsebis, da 
drois raime funqcia. ganvixiloT misi droiT sruli warmoebuli 

 

   Hf
t

f

q

H

p

f

p

H

q

f

t

f
p

p

f
q

q

f

t

f

dt

df

k ikikk

k

k

k

k































































 

..

 

 
sadac Semoyvanilia aRniSvna  
 

                       




























k kkkk p

f

q

H

q

f

p

H
Hf                    (32)                        

 
am gamosaxulebas puasonis frCxilebi ewodeba, hamiltonians ki am 
konteqstSi SeiZleba davarqvaT evoluciis operatori. marTlac, piroba 

imisa rom funqcia f iyos moZraobis integrali aris 
 

                             0



Hf

t

f                            (33)  

 
anu am funqciis evolucias droSi gansazRvravs misi puasonis frCxili 
sistemis hamiltonianTan.  
   koordinatebisa da impulsebisaTvis samarTliania Semdegi puasonis 
frCxilebi: 

                       ijjijiji qpppqq  ,0,0,            (34)                           

   
 specialurad aRsaniSnavia, rom gantolebebi (32-34) qmnian garkveul “xids” 
klasikursa da kvantur meqanikebs Soris. kvantur meqanikaSi puasonis 
frCxilebis rols TamaSoben komutatorebi am sidideebs Soris. 
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amocanebi. 

 

 
1. aCveneT, rom lagranJianSi drois sruli warmoebulis arseboba ar cvlis 
moZraobis gantolebebs. 
 
2. ipoveT eiler-lagranJis gantolebebi im SemTxvevisaTvis roca 
lagranJiani Seicavs droiT maRali rigis warmoebulebs: 
 

                             







 )(

...

,...,,, kxxxxLL  

 
3. ipoveT lagranJianis saxe, romelic Seesabameba aristoteles moZraobis 
  gantolebas  

                                0
.







x

U
xm  

 
4. gansazRvreT Tavisufali nawilakis lagranJianis saxe sxvadasxva 
  koordinatTa sistemebSi (dekarteSi, cilindrulSi, sferulSi da 
  ganzogadebulSi). 

5. aCveneT, rom ( )xV
xm

L
i

–
2

=

.
2

 da ( )xV
m

p
H

i

+
2

=

2

 mivyavarT erTi da igive 

  moZraobis gantolebamde. 
 
6. ipoveT hamiltonianis saxe sxvadasxva koordinatul sistemebSi  
  (dekartulSi, cilindrulSi da sferulSi). 
 
7. ganixileT nawilakis 3-ganzomilebiani moZraoba centralur-simetriul 
  velSi. aCveneT, rom igi ar gansxvavdeba 2-ganzomilbiani moZraobisagan, 
  romelic ganxilulia leqciebis teqstSi (5-g). axseniT amis mizezi da 
  ipoveT damatebiTi moZraobis integrali 3-ganzomilebiani moZraobis  
  dros.  
 
8. aCveneT rom centralur-simetriul velSi perioduli moZraoba niSnavs 
  orbitalur moZraobas Tu potencials aqvs yvelasaTvis kargad cnobili  

  saxe U(r) = 1/r . 
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9. ( )xV
m

p
xpL

i

ii 2
–=

2

  , sadac ix , 
.

ix da ip  damoukidebeli cvladebia. 

aCveneT, rom eiler-lagranJis gantolebebi mogvcemen hamiltonis 
gantolebebs. 
 
10. aCveneT, rom  

                     { }
kiki

δqp =  

                      
kkjiji MMM   

                      
kkjiji PPM   

 
 
11. daamtkiceT, rom sami funqciis puasonis frCxilisaTvis samarTliania  
   iakobis igiveoba: 

                               0 fghhfgghf                        
 

12. dawereT nawilakis lagranJiani, romelic ganicdis mcire 1- 
  Gganzomilebian rxevebs da amoxseniT misi moZraobis gantoleba. ipoveT 
   am rxevebis amplituda da sawyisi faza, Tu cnobilia am nawilakis  
   sawyisi koordinata 

0
x  da siCqare 

0
v . 
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 II. nawilakebi: relativisturi Teoria. 
 
 
 
 

1. lorencisa da puankares simetria. 
 
 
    
 

a) metrika da intervali. 
 
   gansxvavebiT ara-relativisturi klasikuri meqanikisagan, sadac sivrce 
da dro principulad gancalkevebulia fardobiTi sivrcisa da absoluturi 
drois saxiT, nawilakebis relativisturi Teoria dafuZvnebulia dro-
sivrcis erTian mravalnairobaze, romelic mis oTxive ganzomilebas aniWebs 
principulad fardobiT xasiaTs. Ees mravalnairoba warmoadgens metrikul 
sivrces, romelsac uwodeben  minkovskis sivrce-dros. 

   rogorc viciT (ix. Nnawili I) metrikul tenzors minkovskis sivrce-
droSi aqvs saxe 

 

               




























1000

0100

0010

0001

 g     .                    (1)                            

 

Sesabamisad intervali or xdomilebas Soris am sivrce-droSi 
ganmartebulia rogorc sidide  

                              

                        


 dxdxds 2
                        (2)  

 

invariantuli sakuTari izometriis jgufis mimarT (ix. qvemoT).    

 

 

b) laboratoruli da sakuTari dro. 
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   dauSvaT, raRac aTvlis inerciuli sistemidan vakvirdebiT Cvens mimarT 
nebismierad moZrav saaTs. Yyovel drois momentSi es moZraoba SeiZleba 
CavTvaloT Tanabar moZraobaTD da SemoviyvanoT am saaTTan uZravad 
damagrebuli aTvlis sistema. Ees sistemac drois yovel momentSi iqneba 
inerciuli. dros romelic aiTvleba mocemul obieqtTan erTad moZrav 
saaTze ewodeba am obieqtis sakuTari dro   gansxvavebiT im 

laboratorul drosTan t, romelsac aCvenebs saaTi pirvel (uZrav) 
sistemaSi. radgan intervali (2) invariantuli sididea misi 
gamosaxulebisaTvis orive sistemaSi gvaqvs toloba 

 

                 22222222 dcdzdydxdtcds                  (2‟)   

 

da aqedan  vRebulobT  

 

                  
2

2

1
c

v
dt

c

ds
d  ,     

2

222

2

dt

dzdydx
v


                        (3) 

 

an sasruli drois SualedebisTvis – 

 

                            
2

1

2

2

1
t

t c

v
dt                          (3‟) 

                                                                                      

anu moZravi obieqtis sakuTari dro yovelTvis naklebia drois Sesabamis 
Sualedze uZrav sistemaSi an sxva sityvebiT, moZravi saaTi yovelTvis 
CamorCeba uZravs (an kidev - sakuTari dro naklebia laboratorul 
droze).  

   ganmartebisamebr sakuTari dro (3) invariantuli sididea. amasTan, drois 
Sualedi, romelsac aCvenebs saaTi aris integrali 

 

                           
 ds

c

1
                               (4) 

aRebuli am saaTis msoflio wiris gaswvriv. Tu saaTi uZravia, misi 
msoflio wiri iqneba drois RerZis paraleluri wrfe; xolo Tu saaTi 
asrulebs araTanabar moZraobas raime Caketili konturis gaswvriv da 
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brundeba sawyis wertilSi, maSin misi Sesabamisi msoflio wiri iqneba mrudi 
gamavali uZravi saaTis msoflio wiris or wertilze, romlebic 
Seesabamebian moZraobis dasawyiss da bolos. meores mxriv radganac uZravi 
saaTi yovelTvis gviCvenebs ufro did drois Sualeds, vidre moZravi, 
amitom integrals (4) aRebuls or mocemul msoflio wertils Soris 
eqneba maqsimumi, roca igi aiReba am wertilebis SemaerTebeli wrfivi 
msoflio wiris gaswvriv (!) . 

 

 

 

b) sivrce-drois izometria - lorencis gardaqmnebi. 

 

 Lminkovskis sivrcis-drois bunebriv izometriis jgufs - anu gardaqmnebis 
jgufs, romlis moqmedebis Sedegad sivrcis metrika (1) ar icvleba - 
warmoadgenen lorencis gardaqmnebi (Nnawili I, Tavi I) . rogorc viciT, 4-
koordinatisaTvis an raime sxva veqtorisaTvis  maT aqvT  saxe  

                             

                           




 xx '',                           (5) 

 

sadac 
,'


  Sesabamisi gardaqmnebis matricebia. zogadi saxis lorencis 

gardaqmnebi Sedgeba sami sivrculi RerZis garSemo brunvisagan da sami 
bustisagan.  

   sivrceSi nebismieri mobruneba SeiZleba davSaloT 12, 13 da 23 
sibrtyeebSi brunvebad.  Sesabamisi  matricebi iqneba: 

 

 

                 
 




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





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
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,
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



                   (6a)                                       
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 




















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1313

cos0sin0

0100

sin0cos0

0001

13
,







                   (6b)                                                 

      

 

                
 




















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cossin00

sincos00

0010

0001

23
,









                  (6g)                                               

    

 

   maTTan gansxvavebiT, bustebi moqmedeben 01, 02 da 03 sibrtyeebSi da maT 
matricebs aqvT saxe:  

 

                
 

























1000

0100

00

00

01
0101

0101

, 







chsh

shch

                    (7a)                                            

 

 

              
 
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









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


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
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                   (7b)                                             
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 









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








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,


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



chsh

shch

                   (7g)                                         

sadac    

    

              

2

2

0

0

2

2

0

0

0

1

1

1

/

c

v
ch

c

v

cv
sh

i

i

i

i

i







                          

 

rogorc viciT, hiperbolur sinuss da kosinus warmoadgenen (i=1,2,3).  

   am gardaqmnebis jgufs, anu e.w. lorencis erTgvarovan jgufs, SeiZleba 
4-transliaciebic  axx 

,

 daumatoT.MMmaSin miviRebT imas, rasac 
uwodeben lorencis araerTgvarovan jgufs anu puankares jgufs 

 

             




 axx  '

'

,,

                        (5‟)                      

E  

es 10 parametriani (3 brunva, 3 busti, 4 transliacia) gardaqmnebis jgufi 
brtyeli minkovskis sivrcis-drois maqsimaluri simetriaa. 

 

 

 

g) lorencis da puankares jgufebis algebra. 

 

   is rom lorencis gardaqmnebi warmoadgenen minkovskis sivrce-drois 
izometriis jgufs niSnavs ganmartebisamebr rom 

 

                     









 

,

 

an matriculi saxiT                                                (8) 

                       T
      . 
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   advilad dasanaxia rom es tolobebi srulebiT eqvivalenturia 
moTxovnisa rom lorenc-gardaqmnebisas veqtoris kvadrati 


xxx 2  iyos 

invariantuli. 

   Tu ganvixilavT axla infinitizemalur lorenc-gardaqmnebs matriculi 

saxiT (44 matricebi moqmedeben 4-koordinatis svetze x ) 

 

                          


 MI
2

1
)(               (8’)  

 

sadac   gardaqmnebis parametrebia eqvivalenturi adre Semoyvanili 
bustebisa da brunvebis kuTxeebisa  

  

                    ),,;,,(
231312030201
   

 

xolo 


M  ki am gardaqmnebis matriculi generatorebi, romlebic miiReba 

sasruli lorenc-gardaqmnebidan (6-7) rogorc usasrulod mcire 
gardaqmnebis operatorebi 

 

                          
0

),(










d

d
M .          (8’’) 

 

(indeqsebi   nomraven Sesabamis generatorebs). radgan es gardaqmnebi 
moicaven 6 tipis operacias (3 busti plius 3 brunva) gasagebia rom 
generatorebis 


M  da maTTan dakavSirebuli parametrebis   raodenobac 

unda iyos 6. Cven SegviZlia orive es sidide gavnmartod rogorc lorenc-
jgufis antisimetriuli tenzori, romelsac marTlac gaaCnia zustad 6 
damoukidebeli komponenti  

 

                                     


  ,MM          . 
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amas garda advilad davwrmundebiT, rom gamomdinare lorenc-gardaqmnebis 

izometriis xasiaTidan (  T ) yvela es eqvsi generatori TavisTavad 
antisimetriulia, anu   

 

                                                


MM T )( .
 

da bolo da umniSvnelovanesi -  generatorebi 


M  qmnian Caketil lorencis 

jgufis algebras (ix. amocana 1) 

 

                       


 MMMMMM ],[                              (9) 

    

   Tu axla lorencis gardaqmnebs daumatebT 4-translaciebsac maSin, 
rogorc avRniSneT, gveqneba 10Nparametriani puankares jgufi. lorenc-

gardaqmnebis (8’) analogiurad infinitizemaluri transliaciebis 
matriculi saxisaTvis vRebulobT  

 

                          


PaIaT )(                  (10)  

 

sadac 


P transliaciis 4 generators warmoadgens, xolo a Sesabamisi 

parametrebia. 


P -generatorebis zusti saxis dadgena SeiZleba Tu viciT 

sasruli translaciis gardaqmnebi. advilad Sesamowmebelia rom Semdegi 
tipis 55 matrica )(aT  roca moqmedebs 5-koordinatis svetze (bolo 
koordinatas “1” am svetSi fizikuri azri ara aqvs) zustad iZleva 4-
koordinatis transliacias  

 

               













































































1110000

1000

0100

0010

0001

33

22

11

00

3

2

1

0

3

2

1

0

ax

ax

ax

ax

x

x

x

x

a

a

a

a

               (11) 
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aqedan, analogiurad  (8’’)-sa,  miviRebT rom transliaciis generatorebi 

warmoCndebian sasruli translaciebisgan (11) rogorc usasrulod mcire 
transliaciebis operatorebi 

 

                  
0

),(










a
aT

da

d
P                     (10’) 

(indeqsi  nomravs Sesabamis generatorebs). SeiZleba Semowmdes rom 
lorencis da transliaciebis generatorebi erTad qmnian Caketil puankares 
algebras, romelSic garda komutatorebisa (9) kidev komutatorebis ori 
jgufia –  

 

                             0],[,],[ 


 PPPPPM    .                         (12) 

 

(ix. amocana 2). Kpirvel gamosaxulebaSi komutaciis Casatareblad 44 
matricebi 


M  unda Seivsos 55-de nulovani striqonis da svetis 

SemoyvaniT.   
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2. Qminimaluri qmedebis principi minkovskis sivrce-droSi.  

 

 

a) dinamiuri cvladebi minkovskis sivrce-droSi . 

 

   gamomdinare minimaluri qmedebis principis universalurobidan Cven 
miviRebT rom galileos dro-sivrcidan minkovskis dro-sivrceze 
gadasvlisas is kvlav ZalaSi rCeba. davadginoT upirveles yovlisa 
principulad ra saxe unda hqondes Llagranians am SemTxvevaSi garda imisa 
rom zogadad is unda iyos lorenc-invariantuli sidide. bunebrivia, rom 
lagranJiani - iseve rogorc adre galileos sivrceSi - damokidebulia 
ZiriTad dinamiur cvaladebze, anu sistemis koordinatebze, maT drois 
warmoebulebze da TviT droze.  magram minkovskis sivrce-droSi (sadac 
aRar xdeba droisa da sivrcisA gancalkeveba) erTi principuli 

Taviseburebaa – Cveulebrivi (anu laboratoruli) dro t axla 4-

koordinatis 


x  erTerTi komponentia da amitom lagranJiani gamoyofilad 

masze damokidebuli ver iqneba, radgan es daarRvevda mis lorenc-
invariantobas. Aamave mizeziT dauSvebelia lagranJianSi koordinatebis 
warmoebulebis Semoyvanac laboratoruli drois mimarT. laparaki 
SeiZleba iyos mxolod sakuTar droze   romelic TavisTavadD lorenc-
invariantulia sididea (ix. (3,4)) da koordinatebis am drois mimarT 

warmoebulebze, anu “sakuTar” 4-siCqareebze 


x . Aamrigad, relativisturi 

lagranJiani 4-koordinatebis, sakuTari siCqareebisa da sakuTari drois 
funqcia unda iyos da Sesabamis qmedebas unda hqondes saxe 

                      A 

                 

2

1

),,(),,(





 dxxLSxxL                (13) 

 

Tu sakuTari drois 
1
  da 

2
   momentebSi sistema ukavia gansazRvruli 

mdebareobebi, romlebic xasiaTdeba 4-koordinatTa ori krebuliT )1(


x  da )2(


x

. aqedan qmedebis variaciis Sedegad (ix. Tavi I, formulebi (3,4)) vRebulobT 
moZrabis gantolebebs  

 

                      3,2,1,00 


























x

L

d

d

x

L


               (14) 
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romlebic zogadad igive saxisa arian rogorc moZraobis gantolebebi 
ararelativistur dinamikaSi. DdamatebiTi SezRudvebi Cndeba maSin, roca 
lagranJianSi cxadaT viTxovT simetriebs, romelsac flobs minkovskis 
sivrce-dro.  
   gansakuTrebiT aRsaniSnavia rom lorenc-invariantobis gamo sivrculi da 
drois koordinatebi aRar arian damoukidebeli cvladebi, radgan yoveli 

4-koordinatis kvadratis 2


x  mniSvneloba sivrce-drois hiperboloidis 

222 


cx   zedapirze mdebare erTerT wertils Seesabameba, rogorc es 

cxadaT Cans invariantuli intervalis gamosaxulebidan (2, 2‟). Mmeores 
mxriv, rogorc vxedavT, es mniSvneloba, gansazRvras sakuTari drois 
Sesabamis mniSvnelobasac. amrigad, Tu Cven Segvyavs es lorenc-SezRudvebi 
uSualod lagranJianSi maSin is praqtikulad SeiZleba mxolod sakuTari 
drois   funqcia iyos, an saerTodac iyos konstanta (Tu am drois mimarT 
erTgvarovneba moiTxoveba). Aamis Sedegad Cven gviwevs mere am konstantur 
lagranJianidan arainvariantul “laboratorul” lagranJianze gadasvla 
rom misi saSualebiT mainc moxerxdes meqanikuri sistemis analizi (ix. 
qvemoT, (b)). 

   meore midgomaSi SezRuduli lorenc-konfiguarciebi 4-koordinatisTvis 

( 222 


cx  ) an/da sakuTari 4-siCqarisTvis ( 22 cx 

 ) ganixileba mxolod rogorc 

gare dinamiuri bmebi meqanikuri sistemis cvladebisaTvis. 
amrigadAlagranJianis cxadi varireba xdeba SesaZlebeli, ris Sedegad 
yvela SesaZlo  relativisturad SezRudul  traeqtoriebs Soris Cveni 
sistema irCevs erTaderT fizikur traeqtorias. es midgoma gvaZlevs 
saSualebas SevinarCunoT yvela etapze 4-ganzomilebiani kovariantuli 
formulireba (ix. qvemoT, (g)). amasTan rogorc vnaxavT, orive midgomaSi 
moZraobis gantolebebi Tavisufali nawilakisTvis fizikurad erTmaneTis 
ekvivalenturia.  

 

 

b) efo-s lagranJiani – arakovariantuli formulireba. 

 

  (i) lagranJiani. ganvixiloT axla Tavisuflad moZravi efo 
(elementaruli fizikuri obieqti) aTvlis inerciul sistemaSi, romelSic 
sivrce-dro, rogorc zemoT avRniSneT,  invariantulia puankares jgufis 
(5‟) mimarT. Ees simetriis jgufi gamoxatavs dros-sivrcis 4-izotropia 
(brunvebi da bustebi) da amavdrourad mis erTgvarovnebasac (4-
translaciebi). Aam pirobebSi efo-s lagranJiani ar SeiZleba iyos sxva 
rameze damokidebuli garda sakuTari 4-siCqaris kvadratisa  
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            ),()( 22










d

dx
xxxxxLL                                 (15)                    

 

magram Tu gamoviyenebT axla bunebriv lorenc-konfiguracias sakuTari 4-
siCqarisaTvis, romlis Tanaxmad am siCqaris kvadrati ubralod sinaTlis 
siCqaris kvadratia (ix. (2,3)) mivdivarT zogad daskvnamde, rom efo-s 
lagranJiani unda ubralod iyos konstanta. ese igi qmedebisaTvis (13) maSin 
gvaqvs 

                         

2

1





 dS                              (16)  

 

sadac   konstantaa, romlis mniSvnelobas mogvianebiT davadgenT. gasagebia 
rom yvela SemTxvevaSi es konstanta unda iyos uaryofiTi rom gvqondes 
qmedebis minimaluri (da ara maqsimaluri) mniSvneloba. marTlac, rogorc 
avRniSneT (ix. 1-b), sakuTari drois integrali (16) maqsimaluria roca saaTi 
am SualedSi uZravia da misi msoflio wiri warmoadgens drois RerZis 
monakveTs. MmaSin gasagebia rom  <0 uzrunvelyofs qmedebis minimalurobas. 

   Tu gadavalT axla laboratorul sistemaSi maSin Tanaxmad zemoT 
moyvanili gantolebisa (3)  

 

                          2

2

1
c

v
dtd   

 

qmedeba (16) gadaiwereba rogorc 

 

                          
2

1

2

2

1
t

t c

v
dtS    .                      (17)                               

 

radgan laboratorul sistemaSi ararelativistur zRvarze gadasvlisas 
unda miviRoT efo-s klasikuri lagranJiani   

                         L
2

2mv
L

cl
  

viTxovT Tanafardobas 
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                   2

2

2

2

2
111

c

v

c

v

c

v
  

 

da Sedegad gvaqvs 

                       
2

2

2

2

2
1

c

v

c

v
L


 

                

                             

pirveli wevri am gamosaxulebaSi unmniSvnelo konstantaa, xolo meoredan 
vRebulobT   

                        

                    2

2

2

2

22
mc

mv

c

v
 

   

 

da amitom sabolood lagranJiani laboratorul aTvlis sistemaSi aris 

 

                       2

2
2 1

c

v
mcL       .                    (18)                                    

 

bunebrivia, es lagranJiani arainvariantulia, radgan rogorc davrwmundiT  
minkovskis sivrceSi invariantuli lagranJiani mxolod konstanta SeiZleba 

iyos, 2mc . magram qmedeba yovelTvis invariantulia.  

 

   (ii) moZraobis gantolebebi. eiler-lagranJis gantolebebs Tavisufali 
nawilakisaTvis eqneba saxe: 

 

 

                           0














iv

L

dt

d
   .                       (19)   

 

aqedan LlagranJianis (14) pirdapiri CasmiT vRebulobT   
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0

11

2/3

2

2

.

2

2

2
2 





































c

v

vm

c

v

c

v

mc
dt

d  

 

anu                   

                    constvv  0
.

                    (20)   

D 

da amrigad miviReT niutonis pirveli kanoni.  

 

   (iii) impulsi da energia. gavnmartoT 3-ganzomilebiani impulsi 
i

p  ise 

rogorc is ganmartebulia ararelativistur meqanikaSi (Tavi I, formula 
(5)) 

 

                     

2

2

1
c

v

mv

x

L
p i

i

i










                          (21)     

 

(aq koordinatis warmoebuli t-droiT igulisxmeba, 
ii

vx  ), xolo 

energiisaTvis (Tavi I, formula (16)) gvaqvs 

 

           

2

2

2

2

2
2

2

2

2

1

1

1
c

v

mc

c

v
mc

c

v

mv
LvpE ii







    .           (22)                    

ararelativistur zRvarze vRebulobT 

   

                   
2

1
2

2

2

2 mv
mc

c

v
E 








                                                 
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aq 2mc  uZraobis energiaa, xolo  2/2mv  ararelativisturi kinetikuri 
energia. 

   miviRoT axla cnobili Tanafardoba energiasa da impuls Soris. 
marTlac pirdapiri CasmiT vrwmundebiT rom 

 

                
42

2

2

222

2

2

42
222

11

cm

c

v

vcm

c

v

cm
cpE 







                                   

anu      

                       
42222 cmcpE                          (23)                                        

 

Tu ganvixilavT 1c , maSin 222 mpE  , xolo Tu energias 4-impulsis 

meoTxe komponentad gamovacxadebT, maSin 22 mp  . es relativisturi 

meqanikis ZiriTadi gantolebaa. am gantolebidan Cans rom nawilaki 
imyofeba relativisturi hiperboloidis zedapirze impulsur sivrceSi.  

   impulsisa da energiis Tanafardobebidan (21, 22) avtomaturad 
gamomdinareobs, rom  

                         2c

Ev
p i

i     .                          (23‟)                         

 

Tu cv   maSin efo aucileblad umaso unda iyos – rom ar hqondes 
usasrulo energia da impulsi – da maSin  

 

                          
c

E
p     .                           (23‟‟) 

(iv) hamiltoniani. energia gamosaxuli impulsis saSualebiT es, rogorc 
viciT, ukve hamiltoniania da gantoleba (23) gvaZlevs misTvis 

 

                       222 cmpcH                             (24)                   
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rac ararelativistur zRvarze  uZraobis energiis 2mc  gamoklebis Semdeg 
cnobili klasikuri Sedegis mp 2/2  eqvivalenturia. 

 

 

g) 4-ganzomilebiani kovariantuli formulireba. 

 

   (i) lagranJiani da moZraobis gantolebebi. zogadad, rogorc 
davadgineT ZemoT, efo-s lagranJians unda hqondes saxe )( 2xLL   (ix. (15)). 
Uam lagranJianis ufro zusti saxis gamoyvana ver xerxdeba. marTlac, 
gansxvavebiT ara-relativisturi Teoriisa, sadac invariantoba galileos 

gardaqmnebis mimarT iTxovs rom is iyos 2x -is wrfivi funqcia (ix. I-b), 
relativistur TeoriaSi lagranJis lorenc-invariantoba ver afiqsirebs mis 
konkretul saxes. Aamitom mzgavsaT klasikuri Teoriisa (da 
simartivisaTvis) Cven  ubralod miviRebT rom relativisturi Tavisufali 

efo-s lagranJianic 2x -is wrfivi funqciaa 

 

                                                 







d

dx

d

dx
mL

2

1
    .                                           (25) 

 

masis m am saxiT Semoyvana lagranJianSi (25) ganpirobebulia, rogorc male 
davwrmundebiT (ix. qvemoT gantoleba (26)), Tavisufali efo-s 4-impulsis 
swori gansazRvriT. 

   amasTan erTad, Cven unda uzrunvevlyoT SezRuduli lorenc-

konfiguraciebi  sakuTari 4-siCqarisTvis ( 22 cx 

 ) minkovskis sivrce-droSi.Mam 

sakiTxis maTematikurad koreqtuli ganxilva gulisxmobs qmedebisaTvis (13) 
e.w. pirobiTi eqstremumis povnas, anu eqstremumisa, romelic imavdroulad 
akmayofilebs zemoT moyvanil SezRudvas (bmas).ETavisufali nawilakis 
SemTxvevaSi es SeiZleba ganxorcielebul iqnas efo-s lagranJianSi 

damatebiTi wevris   SemoyvaniT, 

 

          222 )(
4

1

2

1
cx

d

dx

d

dx
mL 









             (25‟) 
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sadac   funqcias )(   lagranJianis mamravls uwodeben. advilad dasanaxia 
rom lagranJis variacia am mamravlis mimarT warmoSobs axalD gantolebas 
damatebiT im moZraobis gantolebebTan, romelic gamomdinareoben 
Cveulebrivi variaciidan 4-koordinatis mimarT. anu jamSi Cven gvaqvs  

 

          0)(0 22
..

. 



 cxxxm

d

d

x

L

d

d














      

                                                              (25‟‟)                                                  

             22222 0)(0 cxcx
L








    . 

 

 

aqedan meore gantolebis gamoyenebiT pirvelSi vRebulobT saboloodD 
Tavisulad moZravi efo-s gantolebebs  

 

                                    0


 x    ,   

2cxx 


                                        (25’’’) 

 

sadac meore gantoleba warmoadgens, rogorc viciT, bmis pirobas sakuTari 

siCqarisTvis minkovskis sivrce-droSi.MCven is aq miviReT rogorc efo-s 
moZraobis erTerTi gantoleba. 

 

   (ii) 4-impulsi da 4-Zala.  4-ganzomilebiani impulsi warmoadgens ara-
relativisturi TeoriaSi gansazRvruli 3-ganzomilebiani impulsis (ix. I-
(6‟‟‟)) bunebriv ganzogadebas  

      222
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, cmp
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E
p
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d

dx
m

x

L
p 



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




































                   

 

sadac Cven gamoviyeneT kavSiri sakuTar da laboratorul droebs Soris 
(ix. (3)).    

   mzgavsad 3-ganzomilebiani Zalisa (ix. I-(7)) SemaviyvanoT 4-
ganzomilebiani Zala 
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2

2







d

xd
m

d

dp
F     .                     (26)     

 

Tu isev gamoviyenebT kavSirs sakuTar   da laboratorul t dros Soris 

(ix. (3)) miviRebT am Zalis komponentebisaTvis 

 

              
dt

pd
f

c

v

f

c

v

cvf
FFF


































2

2

2

2

0

1

,

1

)/(
,

           (26‟) 

 

sadac 


f  Cveulebrivi 3-komponentiani Zalaa. sainteresoa, rom 4-Zalis drois 

komponents 
0F  am  3-komponentiani Zalis 



f  mier Sesrulebuli muSaobis 
fizikuri azri aqvs. Ees, rogorc vxedavT, wminda relativisturi efeqtia 
romelic qreba klasikuri meqanikis zRvarze  

( c ). 

   avRniSnoT, rom Tu efo-s lagranJianSi (25) Sedis potenciuri energiis 
wevric )(xU  - raime 4-koordinatze damokidebuli funqcia – maSin 
mzgavsad ara-relativisturi Teoriisa  (ix. I-(7‟)) Cven gvaqvs Sesabamisi 4-
Zalis ganmartebac 

 

                    





x

U

x

L
F









     .                       (26”)   

 

romelSic komponentebi uSualod dakavSirebulia Sesabamis komponentebTan 
wina gantolebaSi (26‟). Sesabamisadac icvleba efo-s moZraobis gantoleba 
(25‟‟‟) 

                   U
x

xm












..

                          (26‟‟‟) 

rac, rogorc mixvdiT, warmoadgens niutonis meore kanonis relativistur 
analogs. 
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   (iii) Hhamilton-iakobis relativisturi gantoleba. Maseve analogiurad 
ara-relativisturi Teoriisa (ix. I-(6)) Cven SegviZlia 4-impulsi uSualod 
davakavSirod qmedebasTan (13) 

                          


 
x

S
p




                                                  (27) 

Tu mas ganvixilavT rogorc 4-koordinatis funqcias.  anu mis variaciis 
dros  

                  

                























2

1

2

1

0..





















 dx
x

L

d

d

x

L
x

x

L
S  

 

4-koordinatis variacias sawyis 
1
  momentSi aviRebT nulis tolad  

0)(
1
 x , xolo 

2
  momentSi mivcemT zogad aranulovan mniSvnelobas 

  xx )(
2

. radgan realuri moZraobis traeqtieria unda akmayofilebdes 

eiler-lagranJis gantolebas  integrali qmedebis variaciaSi SeiZleba 
aviRoT nulis tolad da maSin am gamosaxulebis pirveli wevridan 
vRebulobT 
 

                                               
 x

L

x

S









 

 

saidanac pirdapir gamomdinareobs 4-impulsisa da qmedebis kavSiri (27). 

   Tu axla gamoviyenebT am kavSirs 4-impulsis kvadratis gamosaxulebaSi 

(ix. (ii)) miviRebT Hhamilton-iakobis relativisturi gantolebas  

 

                 22

2222
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1
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


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





















































       (27‟) 

 

romelsac Cven araerTxel movixmobT Semdgom sxvadasxva konteqstSi. 

 

   (iv) lagranJianis simkvrive. am kovariantul midgomaSi SeiZleba agreTve 
lagranJianis magivrad misi simkvrivis Semoyvana TeoriaSi, rac garkveul 
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wilad aaxlovebs nawilakebis ganxilvas minkovskis sivrce-droSi velebis 
ganxilvasTan (ix. III).  marTlac, garda sakuTari drois diferencialisa 
d  Cven gankargulebaSia kidev ori lorenc-invriantuli sidide – 4-

ganzomilebiani moculobis diferenciali xd 4  (ix. amocana 9) da 4-
ganzomilebiani delta-funqcia )(4 x  (ix. amocana 10). Aamitom nawilakTan 
dakavSirebuli qmedeba (13) SeiZleba Caiweros Semdegi saxiT 

 

        







  ))((

)()(

2

1 44 












xx

d

dx

d

dx
mdxdS           (13‟)  

 

sadac gamosaxuleba figurul frCxilebSi warmoadgens Tavisufali 
nawilakis lorenc-invariantul lagranJis funqciis simkvrives 

 

          ∫ ))(-(
)()(

2

1
=)( 4

0
τxxδ

τd

τdx

τd

τdx
ηmτdxζ

νμ

μν
  .          (13‟‟)      

 

   Cven xSirad momavalSi, Tu es ar gamoiwvevs gaugebrobas, lagranJianis 
simkvrivisac uwodebT lagranJians, Cveulebriv lagranJians  ki – 
“integrirebul” lagranJians. 
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3. Senaxvis kanonebi. 

 

a) 4-impulsi. 

 

   nioteris Teoremis Tanaxmad translaciuri invariantobidan 
analogiurad ara-relativisturi Teoriisa (ix. I-4) gamomdinareobs 
impulsis Senaxvis kanoni: 

 

      constpafpf
d

d
fXX  


 0     (28) 

     

b) kuTxuri 4-momenti. 

 

   axla, vTqvaT, 

  axf  , sadac 
a - parametrebia. maSin, rogorc 

mosalodnelia (ix. I-4), Senaxvadi sidide iqneba  6-komponentiani tenzori  

        

                     
  xpM                            (29)                                  

aqedan, sami komponenti (i,j,k  nomraven  sivrcul komponentebs) 

 

                     
kj

ijki xpM 00                             (29‟) 

cnobili brunviTi momentis komponentebia (I-4-21), xolo danarCeni sami   

                  

                 )(
00

0

kk

ijkijij xpxpxpM  


                   (29‟‟)         

moZraobis axali integralebia. 

 

g) nawilakTa 4-ganzomilebiani deni. 

 

   SemoviyvanoT nawilakTa (i = 1, 2 ,……) ricxvis simkvrive n(x,t) sivrcis 

erTeulovan moculobaSi da am nawilakTa denis simkvrive j(x,t) rogorc 



98 

 

 

 

nawilakTa raodenoba, romelic kveTs am moculobis garemomcvel 
erTeulovan zedapirs drois erTeulSi: 

 

           
  

i
i

i

i
i

txx
dt

xd
txjtxxtxn ))((),(,))((),( 33 




      (30) 

 

sadac Cven gamoviyeneT, rom ricxvis da denis simkvrive udrian nuls Tu 
sivrculi koordinati x


 ar imyofeba zustad Sesabamisi nawilakis 

traeqtoriaze )(tx
i


. Cven SegviZlia gavaerTianod es ori simkvrive erT 4-

ganzomilebian denis simkvriveSi Tu gadavalT saerTo laboratoriul 

drodanEt sakuTar droze
i

  yoveli nawilakisTvis da gamoviyenebT am 

droebis mimarT integralur formas 

 

                      
i

ii

i

i

i
xx

d

dx
dxj ))(()( 4 






              (31)  

 

(sadac x ukve aRniSnavs 4koordinatas, sinaTlis siCqare c=1 aq da qvemoT). 
advilad dasanaxia rom ase ganmartebuli denis simkvrive (Semdgom – deni) 
WeSmariti 4-veqtoria da misi 4-divergencia udris nuls    

                                                     0 


j  .                                                      (32) 

misi Senaxva dakavSirebulia imasTan rom Cven gvaqs nawilakebis uwyveti 
nakadi:  nawilakebi ar Cndeba da ar qreba - maTi raodenoba inaxeba. 

marTlac, Tu nawilakTa ricxvis simkvrive n(x,t) icvleba droSi raRaca 
moculobis SigniT maSin am cvlilebiT gamowveuli nawilakebis nakadi 
kveTs am moculobis garemomcvel zedapirs – zustad imdenive nawilaki 
drois erTeulSi gamodis gareT an Sedis SigniT (damokidebuli imaze 

mcirdeba Tu izrdeba n(x,t)). 

   aseTi denis cnobil magaliTs warmoadgens nawilakTa eleqtromagnituri 
deni, romelic miiReba gamosaxulebidan (31) Tu masSi CavrTavT Sesabamisi 

nawilakebis muxtebs 
i

e  -  

                  
i

ii

i

i

iiem
xx

d

dx
edxj ))(()( 4 






               (33)  

swored es deni gansazRvravs damuxtuli nawilakebis urTierTqmedebas 
eleqtromagnitur velTan (ix. 4).  
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d) nawilakTa energia-impulsi 

 

   analogiurad SeiZleba Semoyvanil iqnas nawilakTa energia-impulsis 
simkvrivis tenzori (Semdgom -  energia-impulsis tenzori) 

 

                   
i

ii

i

i

i

i

ii
xx

d

dx

d

dx
mdxT ))(()( 4 






           (34) 

romelic aseve inaxeba  

                                                       0 


T   .                                                  (35) 

am tenzoris arseboba ganpirobebulia LTavisufali lagranJianis (25) 

invariantobiT 4-transliaciebis mimarT – im SemTxvevaSi Tu potenciali U 

masSi aRebulia nulis tolad. Aamis Sedegad 4-koordinati x  xdeba 
cikliur cvladad da mis mimarT LlagranJianis gawarmoebas (analogiurad 
ara-relativisturi Teoriisa (ix. I-4)) piradpir mivyevarT - yvela 
nawilakebis wvlilebis ajamviT da maTi msoflio wirebis )(

ixx   
gaTvaliswinebiT - tenzoris gamosaxulebasTan (25). U 

   meore da ufro eleganturi gza am tenzoris miRebisa iqneboda Tu Cven 
warmovidgendiT, rom nawilakTa dens (31) gadaqvs 4-impulsebis nakadi        

                                

                                                  

i

i

ii

d

dx
mp





 
                                                          (36) 

ise rogorc mas gadaaqvs muxtebi 
i

e  eleqtromagnturi denis SemTxvevaSi - 

anu movaxdendiT Secvlas 

ii
pe   am denis gamosaxulebaSi (33). maSin radgan 

4-impulsi (36) TviTon struqturulad am denis magvaria Cven vRebulobT 
or indeqsian simetriul tenzors (34) nawilakebis energia-impulisTvis.   es 
swored is sididea, romelic ganapirobebs elementaruli fizikuri 
obieqtebis (nawilakebis) urTierTqmedebas gravitaciul velTan (ix. 4). 
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4. nawilakebi eleqtromagnitur velSi. 

 

 

   eleqtromagnituri velisa da misi ZiridaTi Tvisebebis ganxilva moxdeba 
mogvianebiT (ix. III). Cven aq ganvixilavT mas mxolod rogorc gare vels, 
anu rogorc bunebriv garemos, romelSic SeiZleba aRmoCndes nawilaki. 
maSin Tu nawilaki eleqtrulad damuxtulia es garemo - 
eleqtromagnituri velis saxiT - moaxdens am nawilakis moZraobaze 
specifiur gavlenas. eleqtrulad neitraluri nawilaki ki ar igrZnobs am 
vels da misTvis araferi ar Seicvleba.   

   qvemoT yvelgan, sadac amas ara aqvs principuli mniSvneloba, sinaTlis 

siCqarisaTvis miviRebT c=1. 

 

 

a) qmedeba da moZraobis gantolebebi.  

 

   advilad misagnebia rom umartives lorenc-invariantul lagranJians, 
romelic AaRwers TviT nawilaks da imavdroulad mis urTierTqmedebas 
gare eleqtrmagnitur velTan  - warmodgenils veqtor-potencialiT )(xA

μ

 

- unda hqondes saxe  

 

                                     )()(–)(=)(
0

xAxjxζxζ
μ

μ

emem
                                    (37) 

 

(niSani “–” urTierTqmedbeis wevrTan pirobiTia, zogadad aq SeiZleba idges 
nebismieri konstanta – maSin Cven mas nawilakis eleqtrul muxtSi 
“CavrTavT”). aqedanNTavisufali nawilakis lagranJianis )(

0
xζ  (13‟‟) da misi 

eleqtromagnituri denis μ

em
j  (33)  struqturis gaTvaliswinebiT mivdivarT 

qmedebamde  

 

                         ∫ )(= 4 xζxdS
em

    →   ∫ ),(=
μ

μ

em
AxLτdS                          (37‟)                                                                                   

                           

sadac “integrirebuli” lagranJiani 
em

L  aris 
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         ))((
)(

–
)()(

2

1
=),( τxA

τd

τdx
e

τd

τdx

τd

τdx
eηmAxL

μ

μνμ

μνμ

μ

em
 .             (37’’) 

 

μ
A -velSi miTiTebuli argumenti )(τx  niSnavs rom veli moqmedebs zustad 

nawilakis SesaZlo traeqtoriis gaswvriv. Ees avtomaturad gamodis 

lagranJianis x-integrirebiT da Sesabamisi delta funqciis moxsniT.  

   sabolood, qmedebis (37‟) variaciis Sedegad vRebulobT nawilakis 
moZraobis gantolebas eleqtromagnitur velSi 

 

           
( )

→0=
)(∂

∂
–    

∂

∂

τx

L

τd

d

τx

L
μ

em

μ

em


     











F

d

dx
e

d

xd
m 

2

2

                 (38)                                 

 

sadac 


AAF   velis daZabulobis cnobili tenzoria.  

   specialurad aRsaniSnavia rom es moZraobis gantoleba avtomaturad 
invariantulia e.w.  yaliburi gardaqmnebis mimarT  (ix. Tavi III) 

 

                    )()()( 


xxAxA                     (39)  

 

sadac  x  4-koordinatis nebismieri funqciaa. marTlac, gardaqmna (39) 
gvaZlevs damatebiT wevrs qmedebaSi (37) 

                                                                                                      

)]((–)(([–=))((∫–=))((∂
)(

∫–
12
τxατxαeτxα

τd

d
τdeτxα

τd

τdx
τde

μ

μ

            (40)                  

 

romelic ubralod ricxvia da amitom ar cvlis nawilakis moZraobis 
gantolebebs qmedebis variaciis dros.  

   G 
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b) Llorencis Zala.  

 

   gantoleba (38) komponentebSi, Tu gadavalT sakuTari drodan 
laboratorul droze, gvaZlevs nawilakis energiisa da 3-impulsis 
cvlilebas am nawilakze momqmedi  eleqtromagnituri Zalebis Sedegad: 

                    

                  )(
0

E
c

v
e

dt

dp 
     ,     )( B

c

v
Ee

dt

pd 
                              (41) 

 

sadac 4-impulsis komponentebi mocemulia zemoT (ix. (ii)), xolo  
eleqtruli da magnituri velebis veqtorebi arian Sesabamisad  

 

                     
kj

kjiiii FBFE  0  

 

es SeiZleba davinaxoT ufro martivad, Tu gavixsenebT 4-ganzomilebiani 
Zalis gamosaxulebas (26, 26‟). MmarTlac, gantoleba (38)-is marcxena mxare 
warmoadgens 4-Zalas, romelic moqmedebs eleqtromagnitur velSi myofF 
nawilakze. Aam Zalis laboratoruli komponentebi swored moyvanili 
zemoT gamosaxulebebia (ix. (41)). 3-ganzomilebian veqtorul Zalas 

  

                                              )( B
c

v
Ee

dt

pd
f


                                            (42) 

 

lorencis Zala ewodeba. M4-Zalis meoTxe komponenti ki, rogorc adre 
avRniSneT, am 3-ganzomilebiani Zalis muSaobas Seesabameba.  

  

  

g) ara-relativisturi da statikuri zRvari.  

 

   vipovoT axla lorencis Zalis mniSvneloba ara-relativistur zRvarze 
statikur (ese igi droSi mudmiv) eleqtromagnitur velSi, anu miviRoT 
rom                                    
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                  cv 


   ,   
i

ii FE  0                  (43) 

 

(sadac    veqtor-potencialis A  drois komponentia 0A , romelsac 
Semdgom uwodebT potencials). MMmaSin gantoleba (42) miiRebs saxes 

 

                                                   


e
dt

pd     .                                                 (43’)    

 

warmovidginoT axla, rom am statikur eleqtrul vels qmnis raRaca 

uZravi masiuri muxti Q ise rom Cveni nawilaki moZraobs am muxtis 
moqmedebis areSi. maqsvelis gantolebas Tanaxmad am muxtis simkvrive  
gansazRvravs eleqtruli velis diveregencias (ix. III–(39)) 

 

                         Ediv


 

 

romelic mocemuli statikuri velis SemTxvevisaTvis Rebulobs puasonis 
gantolebis saxes 

 

                )( 222 ∂- i     .                 (44)     

 

Tu es muxti wertilovania da imyofeba koordinatTa saTaveSi maSin 

  

                           )(rQ


                             (45) 

 

sadac )()()()( zyxr  
 ,  Q ki am muxtis mniSvnelobaa. Eam pirobebSi 

gantoleba (44) advilad ixsneba da gvaZlevs Semdegi saxis centralur-
simetriul potencials1    da (Sesabamisad) centralur-simetriul 

eleqtrul vels E

                               

                                                           
1
 MmarTlac Tu  )(rυ  mxolod manZilis funqciaa maSin gantoleba (44-45)-is integrirebiT 

sferul koordinatebSi -   rrrr dddd1∇ 222 //)/(    ,     dddrrdV sin2    -  advilad 

mivdivarT moyvanil pasuxamde (46).  imis gamo,  
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4
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rr
rπ

rQ
E

rπ

Q
υ




                                    (46)    

 

(sadac ),,( zyxr
  Cveulebrivi sivrculi 3-veqtoria), rac warmoadgens 

kulonis cnobili kanonis gamosaxulebas.   

   Tu CavsvavT axla am gamosaxulebas gantolebaSi (43‟) da 
gaviTvaliswinebT zemoT xsenebeul ara-relativistur ZRvars 

impulsisTvisac miviRebT Cveni nawilakis moZraobis gantolebas Q muxtis 
statikur kulonur  

                                           
32

2

4
=

rπ

r
eQ

dt

rd


                                                     (47)                            

 

romlis amoxsna, rogorc viciT centralur-simetriuli potencialis 
ganxilvidan klasikur meqanikaSi (ix. I), did problemas ar warmoadgens. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                                                                                                                                    

rom Cven klasikuri eleqtrodinamikis aRwerisas (ix. III-5) viyenebT hevisaidis erTeulTa 

sistemas kulonis potencialSi Cndeba damatebiTi mamravli π1/4 . 
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5. nawilakebi gravitaciul velSi. 

 

 SevCerdeT axla nawilakis moZraobaze gare gravitaciul velSi, romlis 
Tvisebebs (sxva velebis TvisebebTan erTad) Cven ufro detalurad 
ganvixilavT mogvianebiT (ix. III). eleqtromagnitur velTan gansxvavebiT 
gravitaciuli veli yovelTvis axdens gavlenas nawilakis moZraobaze – 
eleqtrulad neitraluria is Tu damuxtuli – sakmarisia mas gaaCndes 
aranulovani energia.   

 

 

a) qmedeba da moZraobis gantolebebi. 

 

   Cven mivyvebiT am SemTxvevaSic igive logikas, romelic gamoviyeneT 
nawilakis eleqtromagnituri urTierTqmedebis aRweris dros – avagebT am 
urTierTqmedebis lagranJians da qmedebas, Semdeg vipoviT nawilakis 
moZraobis gantolebebs, da bolos ganvixilavT am models niutonis 
zRvarSi, rom davwrmunded rom mTliani midgoma ara winaRmdegobrivia da 
imavdroulad TanxvedraSia eqsperimentTan.G 

   gravitaciuli veli, rogorc viciT (ix. Nnawili I), arsebiTad 

warmodgenilia zogad metrikul tenzorSi )(xg
νμ

, romelic ganapirobebs 

mrude 4-ganzomilebiani ainStainis dro-sivrcis metrikul Tvisebebs. susti 
gravitaciuli velis SemTxvevaSi es tenzori miaxlovebulia minkovskis 
tenzorTan  

                   ( ) ( )2++=)( hOxhηxg
νμνμνμ

  .                (48)   

 

gasagebia rom umartives zogad-kovariantuli simetriis mqone lagranJians, 
romelic AaRwers TviT nawilaks da imavdroulad mis urTierTqmedebas 
gare gravitaciul velTan unda hqondes saxe2 

 

                                                           
2
 Emeores mxriv, es saxe avtomaturad gamodis Tu Tavisufali nawilakis lagranJianSi 

(13‟‟) gadavalT ainStainis mrud sivrceSi )(→ xgη
νμνμ .
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                                           )()(=)( xgxTxζ
μν

μν

grav
                                            (49) 

marTlac, nawilakis energia-impulsis gamosaxulebidan (34) gamomdinare 
vRebulobT susti graviataciuli velis miaxlovebaSi (ix. (48))  

 

 

                      ( )2

0
+)()(+)(=)( hOxhxTxζxζ

μν

μν

grav
                                (50) 

 

sadac pirveli wevri, iseve rogorc eleqtromagnitur lagranJianSi (37), 
aRwers  Tavisufal nawilaks, meore da danarCeni wevrebi ki mis 
gravitaciul urTierTqmedebas. A  

  zogadad energia-impulsis tenzoris struqturis (34) gaTvaliswinebiT 
mivdivarT qmedebamde3  

 

                        ∫ )(= 4 xζxdS
gr

    →     ∫ ),(=
μν

μ

gr
gxLτdS                    (49’)                                                  

                                              

sadac “integrirebuli” lagranJiani 
gr

L  aris 

 

               
τd

τdx

τd

τdx
τxmgL

νμ

μνgr

)()(
))((

2

1
=                                   (49’’) 

 

metrikaSi miTiTebuli argumenti )(τx  niSnavs rom gravitaciuli veli 
moqmedebs zustad nawilakis SesaZlo traeqtoriis gaswvriv, rac 

avtomaturad gamodis lagranJianis x-integrirebis Semdeg.  

   sabolood, qmedebis variaciis Sedegad vRebulobT nawilakis moZraobis 
gantolebas gravitaciul velSi 

 

                                                           

3
 Tumca TviT infinitizemaluri moculoba xd 4

 ar aris invarianti zogad-kovariantuli 

gardaqmnebis mimarT magram misi kombinacia 4-ganzomilebian delta funqciasTan 

))(–(4 τxxδ  (romelic Cndeba (49‟)-Si nawilakis energia-impulsis gamosaxulebidan (34)) 

invariantuli sididea (ix. amocana 10, nawili I, Tavi II). 
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( )
⇒0=

)(∂

∂
–    

∂

∂

τx

L

τd

d

τx

L
ρ

gr

ρ

gr


                                      (51)                                                                                                                                         

           







 02,










d

dx
g

d

d

d

dx

d

dx
g  

     
 

                        ( ) 0=–+
2

1
+

,,,

νμ

ρνμμρννρμ

λρλ xxggggx       

 
 
sadac Cven bolo gamosaxulebis miRebisas - gamoviyeneT rom ν

νρμρμ
xgg 

,
=

,
 

mere movaxdineT simetrizacia gaCenili νμ

νρμ
xxg 

,
-wevrisa da bolos 

gavamravleT mTliani gantoleba 2/ρλg  -ze. Tu axla gavixsenebT kavSirs 
metrikasa da afinur bmulobas Soris (ix. Nnawili I, II-(36)) 
 

 

                                             ( )
ρνμμρννρμ

λρλ

μν
ggggΓ

,,,
–+

2

1
=                                      (52) 

 
 
 miviRebT imas rasac albaT Tavidanve velodiT 
 
 

                          0=+ νμλ

νμ

λ xxΓx                         (53) 

                                                   
 
anu geodeziuri wiris gantolebas (Nnawili I, II-(23)). swored es 
gantoleba, rogorc cxadaT Cans, gansazRvravs nawilakis moZraobas 
gravitaciul velSi, an sxva sityvebiT rom vTqvaT, ainStainis mrude sivce-
droSi.   
   marTlac, Cven SegveZlo qmedebis variaciis magivrad UuSualod 
mogveTxova niutonis gantolebis samarTlianoba Tavisufali nawilakisTvis 

0=μx  (ix. (25‟‟‟)) mrude sivrceSic. MamisTvis ki saWiroa rom nawilakis 
aCqarebis veqtori iyos gansazRvruli rogorc WeSmariti veqtori am 
sivrceSi, anu misi siCqaris warmoebuli unda Seicvalos kovariantuli 
waromebuliT. zustad esaa asaxuli zemoT moyvanil gantolebaSi (53). 
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b) niutonis zRvari. 

 

   axla davwrmundeT rom zogad-kovarintuli midgoma gravitaciaSi 
gvaZlevs swor Sedegs niutonis gravitaciis zRvarze. am ZRvarze 
gadaslvla Seicavs sam sazasRvro nabijs: 

   1/ susti gravitacia    2hOxhg    , anu ainStainis sivrcidan 
miaxlovebul minkovskis sivrceze gadasvla. 
 
   2/ ararelativisturi zRvari nawilakisTvis cv << , anu miaxlovebuli 
minkovskis sivrcidan miaxlovebul galilees sivrceze gadasvla. maSin 
zogadad intervalisTvis gvaqvs 
 

            jijijiii dxdxhcdtdxhdtchdxdxxhdc   
 0

22

00

22 1
 

 
saidanac sakuTari da laboratoruli droebis SefardebisTvis vRebulobT                         
 

                          
dt

τd
  ( )cvOh /+2/+1

00

  .                 (54) 

 
amas garda geodeziuri wiris gantoleba (52) miiRebs am zRvarSi saxes  
     
 

                         22

002

2

)/(+ τddtcΓ
τd

xd
i

i

  0                                        (55)                                                 

 
sadac Cven aseve ugulvelyaviT ( )cvO /  rigiT daTrgunuli  wevrebi am 
gantolebaSi. Aamrigad miaxlovebiT ararelativistur zRvarze 

mniSvnelovania mxolod h-tenzoris wminda drois komponenti 
00

h . 

 
   3/  statikuri zRvari gravitaciuli velisTvis - anu miviRebT rom 
metrikuli tenzori )(xg

μν

 ar aris droze damokidebuli (Tumca wina ori 

punqtidan gamomdinare sakmarisia rom es miaxloeba iyos ZalaSi mxolod 
00

h  

komponentisTvis). amrigad afinuri bmulobis koeficientebisTvis iΓ
00
 - 

Semaval ZiriTad moZraobis gantolebaSi (55) - vRebulobT (ix. (52)) 
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             [ ]
2

1
–=–+

2

1
=

,00,000,00,000 i

ii

ργγ

ρii ggggggΓ i
h

,002

1
              (56) 

romelic sabolood (laboratorul droSi gadasvlisas, ix. (54)) 
Rebulobs saxes        
                   

                        
00

2

2

2

∂

∂

2
–= h

x

c

dt

xd
i

i

   .                    (57) 

 
 

Tu axla gavamravlebT am gantolebas nawilakis masaze m da gavaigivebT 

niutonis gravitaciis potencials U sididesTanAALAK 
 

                         )(
2

=)(
00

2

xh
c

xU                           (58) 

 
miviRebT zustad niutonis meore kanons masiuri nawilakisTvis, romelic 
imyofeba am potencialis velSi 
                                       

                      )(
∂

∂
– =

2

2

xU
x

m
dt

xd
m

i

i

  .                      (59)   

                                                           

aRsaniSnavia, rom am gantolebis marcxena mxares myofi masa m moiazreba 
rogorc inertuli masa, xolo marjvena mxares ki - rogorc gravitaciuli 
masa. Ees niSnavs, rom Cveni zogad-kovariantuli midgoma avtomaturad 
akmayofilebs susti ekvivalentobis princips am masebis bunebrivi tolobis 
Sesaxeb.  
 

 

g) gravitaciuli potenciali. 

 
   davazustod rom niutonis standartul gravitaciasTan gansxvavebiT 
Cven ar Semogviyvania raime gravitaciuli tipis Zala Cven modelSi – is 
TavisTavad Cndeba nawilakis moZraobisas zogadi metrikis (48) mqone 
sivrceSi.  
   amaze metic, srul ainStainis TeoriaSi, romelsac Cven detalurad 

SeviswavliT Semdgom (nawili III) TviT U(x) potencialis saxec SeiZleba 
iqnas zustad dadgenili. marTlac aRmoCndeba rom es potenciali niutonis 
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zRvarSi akmayofilebs igive tipis puasonis gantolebas, romelsac 
akmayofilebda eleqtromagnituri potenciali (ix. (44)) 
 

                     )∂=∇(=)(∇ 222

i
ρGxU                   (60)

 

 

sadac G  niutonis gravitaciuli konstantaa, romelic SeiZleba 
gamoisaxos plankis masis saSualebiT 
 

                                                    2–38–

2
10≈

1
= Gev

M
G

P

                                             (61) 

 
xolo ρ Gki gravitirebadi sxeulis masis simkvrive. Tu, iseve rogorc 
eleqtromagnitur urTierTqmedebis SemTxvevaSi, miviRebT rom es sxeuli 
masiuri wertilovani obieqtia da  imyofeba koordinatTa saTaveSi maSin 

 
                         )(= rδMρ


                              

sadac M am masis mniSvnelobaa. Eam pirobebSi gantoleba (60) advilad 
ixsneba da gvaZlevs analogiurad Semdegi saxis centralur-simetriul 
potencials )(rU    

                                    )=(
4

–=)( rr
rπ

GM
rU

                                      (62)         

 

rac warmoadgens niutonis potencialis cnobili gamosaxulebas.   

   Tu CavsvavT axla am gamosaxulebas gantolebaSi (59) miviRebT Cveni 

nawilakis moZraobis gantolebas M masiT gamowveul statikur da 
centralur-simetriuli gravitaciul velSi    

                                  

                                       
32

2

4
=

rπ

r
GmM

dt

rd
m


                                                (63)                            

 

rac Tvisobrivad ar gansxvavdeba damuxtuli nawilakis moZraobisagan 

statikur kulonur velSi. niSandoblivia, rom aq e da Q muxtebis rols 

TamaSoben masebi m da M Sefardebuli plankis masasTan, 
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                                        Mm

PP

gg
M

M

M

m
GmM ==    .                                          (64)

 

 

amitom Cven SegviZlia gamosaxoT moZraobis gantoleba (59) uganzomilebo 

m
g   da 

M
g  konstantebis saSualebiT 

 

                                      
32

2

4
=

rπ

r
gg

dt

rd
m

Mm



                                                  (65) 

sadac analogia “eleqtromagnitur” moZraobis gantolebasTan (47) ufro 

mkveTri da STambeWdavia.  M 

   magram amasTan erTad aris ori principuli gansxvavebac. Ppirveli is 

rom es uganzomilebo konstantebi bevri rigiT mcirea eleqtromagnitur 

kostantebze, rac ganapirobebs gravitaciuli urTierqmedebis anomalur 

simcires mikrosamyaroSi. MmagaliTad, eleqtronisTvis, romlis masaa 0,5 

MeV, uganzomilebo gravitaciuli da eleqtromagnituri konstantebis 

Sefardeba gamodis      

                                                              

   
22–23– 10×6.1≈/,10×5≈/=,3.0≈137/4= egMmgπe

mPem

.   

 

amitom gravitaciuli urTierTqmedebis realuri gamovlineba niutonis 

zRvarSi xdeba mxolod MmaSin roca ganvixilavT sakmaod masiur 

makroskopul sxeulebs. 

   meore gansxvaveba dakavSirebulia imasTan rom gravitaciuli 

konstantebi yovelTvis dadebiTi niSnisaa, anu gravitaciuli urTierqmedeba 

ganapirobebs mxolod sxeulTa mizidulobas gansxvavebiT eleqtromagnitur  

urTierqmedebasTan, sadac gamomdinare eleqtruli muxtebis SefardebiTi 

niSnidan ganzidulobac amgvaradve SesaZlebelia. 
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amocanebi. 

 

 

 

1. ipoveT lorencis gardaqmnebis generatorebis cxadi saxe.  

  daamtkiceT rom es generatorebi akmayofileben komutatorebs  

 

                  


 MMMMMM ],[  

 

2.  ipoveT transliaciebis generatorebis cxadi saxe. daamtkiceT rom  

  es generatorebi akmayofileben komutatorebs                    

 

                  0],[,],[ 


 PPPPPM  

 

3. ipoveT Tavisufali nawilakis lagranJiani Tu mis qmedebas aqvs saxe 

                        

2

1





draS  

 sadac sadac a nebismieri konstantaa, xolo r ki intervalia or 

 xdomilebas Soris evklidur sivrceSi.  

 

5. amoxseniT Semdegi amocana funqciis pirobiT eqstremumze: 

  toli perimetris mqone marTkuTxedebs Soris romels gaaCnia 

  maqsimaluri farTi?  

 

6.   funqciis integraluri warmodgenis gamoyenebiT 
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                          




 dkex xki




2

1
  

   

   SeamowmeT misi Semdegi Tvisebebi: 

 

   a)  









00

0

x

x
x  

   b)    x
a

xa 
1

  

   g)        0 xxxx   

   d) 
     

     






afaxxf

fxxf



 0
 

   e)      











i

ixx
dx

df
xf 

1

 sadac   0xfxi  gantolebis fesvebia. 

   v)          3210 xxxxx     

   z)    
 
x

x
x

dx

d 
   

 

7. miiReT Hhamilton-iakobis relativisturi gantolebidan  

 

                  22

2222

2

1
cm

z

S

y

S

x

S

t

S

c



























































      

    

   misi ara-relativisturi analogi. 

 

 

8. SeamowmeT, rom nawilakebis 4-deni   

                 
i

ii

i

i

i
xx

d

dx
dcj ))((4 






     
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     miiReba ori simkvrivisagan  (30).  

     daamtkiceT: 

     rom is gardaiqmneba rogorc 4-veqtori;  

    misi Senaxva 0 


j  niSnavs nawilakebis raodenobis Senaxvas  

                  0
dt

dN   (sadac   xxjdN 03  ).                         

9. gamoiyvaneT energia-impulsis tenzoris formula (34) 4- 

  transliaciebis simetriidan. SeamowmeT, rom  is  inaxeba,  

  0 



 TT . 

 

10. SeamowmeT, rom lorencis gardaqmnisas  

   )( 3210

444 dxdxdxdxxdxdxd  . 

 

11. SeamowmeT, rom lorencis gardaqmnisas  

 

             )()()()()(()()(
3210

444 xxxxxxx   . 
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III. velebi 
 
 
 
 
 
 

1. motivacia. 
 
 
a) urTierTqmedebis koncefcia specialur fardobiTobis TeoriaSi. 
 
   elementaruli nawilakebisa an sxva fizikuri obieqtebis urTierTqmedeba 
ar SeiZleba aRweril iqnas Cveulebrivi (klasikuri meqanikis) potencialis 
meSveobiT specialur fardobiTobis TeoriaSi, radgan aseTi aRwera 
gulisxmobs urTierTqmedebis usasrulod didi siCqariT gadacemas. aRmoCnda 
romMes urTierTqmedeba SeiZleba aRvweroT velis cnebis meSveobiT. Tu 
zogadad maTematikaSi an fizikaSi veli niSnavs garkveuli cvladebis 
nebismier analizur funqcias, rac ubralod aRweris  saSualebaa da meti 

araferi (mag., temperaturebis veli F(T,T’,T’’…)) fardobiTobis TeoriaSi 
urTierTqmedebis gavrcelebis siCqaris sasrulobis gamo veli gadaiqceva 
fizikur realobad. 
 
 
b) nawilakTa ricxvis arSenaxva. 
 
 velis yvelasaTvis kargad cnobili magaliTia eleqtromagnituri 
veli, romelic aRwers eleqtrulad damuxtuli nawilakebis 
urTierTqmedebas. eleqtromagnituri velis klasikur aRweras, romelic 
emyareba maqsvelis gantolebebs, mivyavarT talRur warmodgenebamde 
eleqtromagnetizmis Sesaxeb. meoresmxriv, mcire manZilebze (subatomur 
fizikaSi) xSirad xdeba aucilebeli eleqtromagnituri veli (uwyveti 
sistema) ganvixiloT diskretuli (nawilakovani)  sistemis saxiT, romelsac 
gaaCnia usasrulod didi Tavisuflebis xarisxis ricxvi. korpuskuluri 
TvalsazrisiT, vels Seesabameba energiis diskretuli kvantebi; amasTan  
amboben, rom eleqtromagnituri kvantebi (fotonebi) nawilakebia, 
romlebsac gadaaqvT eleqtrulad damuxtuli nawilakebis urTierTqmedeba 
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erTmaneTTan. Aanalogiurad, talRur-korpuskuluri warmodgenis Tanaxmad 
sxva elementaluri nawilakebic – eleqtronebi, kvarkebi, neitrino da a.S. 
– fotonebis mzgavsad aRiwereba velebis meSveobiT da maT garda wminda 
korpuskuluri Tvisebebisa gaaCniaT talRuri Tvisebebic. 

   amavdroulad maRali energiebis nawilakebisTvis, romelTaTvisac mE   
damaxasiaTebelia dabadeba, gaqroba, an sxva nawilakebSi gardaqmna. rac 
nawilakTa ricxvis arSenaxvas niSnavs. Ggamomdinare aqedan nawilakTa 
ricxvi, gansxvavebiT ararelitistur klasikur meqanikisgan, aRar aris 
moZraobis integrali. Ees garemoeba aseve iTxovs arawinaRmdegobrivi 
aRwerisaTvis nawilakebis magivrad Sesabamisi velebis Semoyvanas radgan 
yoveli veli erTdroulad aRwers masTan dakaSirebuli nawilakebis 
usasrulo raodenobas.  
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2. velis moZraobis gantoleba. 
 
 
 
a) velis koncefcia. 
 
   Tu vels ganvixilavT rogorc meqanikur sistemas Tavisuflebis xarisxTa 
usasrulod didi ricxviT, SeiZleba avagoT velis Teoria wertilis 
klasikuri meqanikis analogiiT. am dros veli xasiaTdeba e.w. velis 

funqciiT F(x), romelic Seesabameba Tavisuflebis xarisxTa usasrulod did 

ricxvs. veli F(x) SeiZleba iyos nebismieri sakmarisad analizuri funqcia. 
   ganvixiloT talRuri velebidan umartivesi - skalaruli veli. Cven 
SevCerdebiT skalaruli velis or variantze: 

   (i) namdvili skalaruli veli, romelic aRwers neitralur uspino 

nawilakebs  x . furies integralis meSveobiT gadavweroT igi impulsur 
warmodgenaSi  

 

                       
 

   kekdx
xki 




 4

2/3
2

1
                    (1)                       

es aris brtyeli 


 xki
e  talRebis superpozicia, sadac yoveli talRa aris 

 k  woniT warmodgenili.  

 
   (ii) kompleqsuri skalaruli veli, romelic aRwers damuxtul uspino 
nawilakebs                
                        )()()(

21
xixx    

 
gansxvaveba kompleqsur skalarul velsa da namdvil skalarul vels 
Soris mdgomareobs imaSi, rom kompleqsuri skalaruli veli aRiwereba ori 

damoukidebeli namdvili funqciiT 1  da 2 , rac niSnavs damatebiT 
Tavisuflebis xarisxs, romelic nawilakis muxtSi aisaxeba (ix. 5.). amasTan,  
kopleqsurad SeuRlebeli velebi,   da  , aRweren sawinaRmdego muxtis 
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nawilakebs. gansxvavebiT, realuri skalaruli veli Seicavs mxolod erT 
komponents da aRwers neitralur nawilaks.  
 

   (iii) garda nawilakebisa, romlebic aRiwereba skalaruli veliT, arsebobs 
nawilakebi romlebic aRiwereba veqtoruli an tenzoruli velebiTac. 
  veqtoruli velis aRmweri funqcia Sedgeba oTxi komponentisagan  xA

, 

romlebic erTobliobaSi qmnian zogad kovariantul 4-veqtors, e.i. 
lorencis gardaqmnisas kkk xxx   0 knnk

n

nkk xx   is gardaiqmneba 

     xuuuxuxu n

nk

kkkk  
  formulebis Sesabamisad. 

 
 
 

b) lagranJianis simkvrive da qmedeba. 
 
 velis gantolebebi da maTi invariantebi uSualod miiReba lagranJis 
funqciidan. igi drois funqciaa da klasikur meqanikaSi Caiwereba jamis 
saxiT sistemis yvela materialuri wertilebis mixedviT. specialuri 
fardofidobis TeoriaSi talRuri velis magvari uwyveti sistemisaTvis es 
jami gamoisaxeba lagranJis funqciis simkvrividan sivrciTi integraliT: 
 

                             xxxdxL


,0                         (2)                                     

 

sadac lagranJis funqciis simkvrive    xxx  


,0  Tanabrad damokidebulia 
oTxive sivrce-droiT cvladze. MmomavalSi Cven xSirad gamoviyenebT 
termin lagranJians lagranJis funqciis simkvrivis magivrad. 
 
   CamovayaliboT exla is ZiriTadi moTxovnebi, rac edeba lagranJians: 
 
(1) relativisturi invariantoba. 
(2) velis araumetes pirveli rigis warmoebulebisa (rom Sesabamisi 
moZraobis gantolebebi Seicavdnen velis araumetes meore rigis 
warmoebulebisa). 
(3) lagranJiani ar unda iyos cxadad damokidebuli 4-koordinataze x   
(radganac vixilavT Caketil sistemas). 
(4) lagranJianis ermituloba (realoba), romlis Tanaxmad qmedeba, rogorc 
sistemis fizikuri maxasiaTebeli, iyos realuri. 
(5) lagranJianis analizuroba velebis (rogorc cvladebis) mimarT (mag., ar 
Seicavdes fesvebs, polusebs an sxva raime singularobebs). 
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(6) lagranJianis minimaloba (simartive), romlis Tanaxmad lagranJianSi 
Semavali wevrebi unda iyvnen maqsimum meoTxe xarisxis polinomebi velebis 
mimarT. 
 
 
 
g) lagranJiani da eiler-lagranJis gantolebebi. 
 
  Ggamomdinare am principebidan miviRoT exla lagranJiani kompleqsuri 
skalruli velisaTis )()()(

21
xixx    (realuri skalaruli velis 

SemTxveva, rogorc ufro martivi versia, miiReba aqedan Tu aviRebT    

0
2
 ). iseve rogorc klasikur meqanikaSi miviRebT rom lagranJiani  x  

velis cvladebis da maTi pirveli warmoebulebis namdvili funqciaa: 
 
 

     lagranJiani   


,     qmedeba      ,4 xdS  .      (3) 

 
 
Tu SevadarebT klasikuri meqanikis SemTxvevas Cven faqtobrivad movaxdineT 
Secvla 
 

                     





qqdxdt ,,                    (3‟)  

 
 
avrniSnoT rom im erTeulTa sistemaSi sadac qmedeba S uganzomileboa 
lagranJians  gaaCnia masis meoTxe xarisxis ganzomileba.    
  sabolood, zemoTaRniSnul principebs (1)-(6) Tavisufali kompleqsuri 
skalaruli velisaTvis mivyevarT Semdeg martiv lorenc-invariantul 
lagranJianamde  
 

                          



                          (4)  

 
sadac  - jerjerobiT nebismieri (masis kvadratis ganzomilebis) 
konstantaa. davweroT exla Sesabamisi eiler-lagranJis an moZraobis 

gantoleba (variacia movaxdineT  -velis mimarT, rom miviRoT gantoleba 

 -velisaTvis): 
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 
















0










x

  0                (5)                                                                                                                 

 
sadac  

                    



  .  

am gantolebis kerZo amonaxsnia   



xki

ek . uSualo CasmiT miviRebT, rom  

                            02  kk .  
 
Tu vigulisxmebT, rom 2m , sadac 2m  ganvixilavT rogorc velis masas 
(radgan 22 mk  ), maSin talRuri gantolebis (5) zogadi amonaxsni iqneba  
 
 

                            224 mkekkdx xki    .             (6) 

 
am amonaxsnidan Cans, rom brtyeli talRebis superpozicia Seesabameba m  

masis (da yvela 4-impulsis 


k  romlisTvis 22 mk  ) mqone Tavisual 

nawilakebs. 
 
 
 
 
d) analogia oscilatorTan (1+1 ganzomileba). 
 
   velis moZraobis gantoleba (5) Zalian mogvagonebs klasikuri 
oscilatoris gantolebas. marTlac, oscilatoris lagranJiania 
 

                         
2

.
2

2
kx

xm
L                               (7)  

              

(sadac k – mudmivi parametria). Sesabamisi eiler-lagranJis gantolebeba 
aris 

            00 2
....

 xxkxxm  ,  
m

k
                 (8)     

 
 
am gantolebis zogad amonaxsnia  
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                           tiAex Re                             (9)   
 

sadac 
iaeA   kompleqsuri amplitudaa. amrigad Tavisufali veli 

struqturulad mogvagonebs oscilatorebis erTobliobas. 

3. geometriuli da Sinagani simetriebi. 
 
 
 
a) energia-impulsis tenzori. 

   imis gamo rom Cven zogadad vixilavT velebis Caketil sistemas (ix. 
zemod 2-b, principi (3)) 4-koordinata 

x  ganixileba rogorc cikluri 

cvladi. amitom lagranJianis warmoebuli am kordinatis mimarT iqneba: 

 

                      
 

..ch
x































                 (10)             

sadac h.c. niSnavs ermitulad (kompleqsurad) SeuRlebul wevrebs, radgan 
gasagebia rom LlagranJianis sruli variacia unda Seicavdes damoukidebel 
variaciebs   da   (da maTi warmoebulebis) mimarT. pirveli wevri am 

gantolebaSi moZraobis gantolebis (5) gamoyenebis Semdeg gadava velis 
warmoebulis mimarT variaciis wevrSi 

 

                              
 




















x
                       (11)     

(da Sesabamisad igive moxdeba analogiuri  -velze damokidebuli 

wevrisTvisac). amitom gantoleba (10) gadaiwereba rogorc 

 

                   
 

0
)(






















 











 










g

x
            (12)                     
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aqedan gamomdinare - tenzori 

  
 









 












gT 









 

)(
                              (13)                                                              

                                        


gT   ))((
}{}{

     

                        

inaxeba. Ees tenzori – kompleqsuri velis energia-impulsis 
(simetrizebuli) tenzoria, xolo  

 0
TP  misi 4-impulsia. kerZod, 

energiisaTvis 
000

TP  vRebulobT 

 

                      
 




















 

 0

0

0

0

00

)(
T

 

rac UuTuod mogvagonebs energiis gamosaxulebas klasikur meqanikaSi 

                            
 

Lq
q

L
E 






0

0

 

Cawerils ganzogadebul kordinatebSi q(t).   E   
     exla davadginoT ra simetria dgas am sidideebis Senaxvis miRma.  -

lagranJianSi  4-koordinatis 
x  cikliur cvladad gamocxadeba niSnavs 

rom lagranJiani invariantulia am koordinatis yvela SeasZlo 
gardaqmnebis mimarT, rac specialuri fardobiTobis Teoriis farglebSi 
Seicavs lorencis jgufis gardaqmnebs plus 4-translaciebi, romlebic 
erTad Seadgenen e.w. puankares jgufs, Aanu 

 

                             ''' 



 axx   .                    (14) 

 

aqedan - invariantoba 4-translaciebis ( 'a ) mimarT Seesabameba energia-
impulsis T  Senaxvas (da amasTan 4-impulsis Senaxvas, ix. amocana 1), xolo 
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invariantoba lorencis gardaqmnebis mimarT niSnavs, Sesabamisad, 
Cveulebrivi brunvis momentebisa (

231312
,, MMM ) da “bustis” momentebis  

(
030201

,, MMM ) Senaxvas. Eese igi, jamSi gvaqvs 10 Semnaxvadi sidide, rogorc 

kidec unda iyos Sesabamisad simetriuli T  tenzoris 10 damoukidebeli 
komponentisa ( 102/54  ). Aam momentebis Senaxva gamomdinareobs Sesabamisi 
denebis Senaxvidan – es denebi aigeba energia-impulsisa da 4-koordinatis  

x  meSveobiT (ix. amocana 11)  

 

                   0, ,,  



 JxTxTJ                (13‟)     

 

  Zalzed mniSvnelovania miRebuli kavSiri  -lagranJianis simetriasa (14)  
da Semnaxvad sidideebis (13, 13‟) arsebobas Soris. Aam kavSirs zogadad 
ganixilaven rogorc e.w.Nnioteris Teoremis Sedegs. avRniSnoT, rom 4-
koordinatis 

x  cikliurobis gamo  -lagranJianSi Cven ar dagvWirda TviT 

velis )(x  da misi warmoebulis variaciis daTvla energia-impulsis 
tenzoris Senaxvis dasadgenad (romelic Cndeba 4-translaciebis Sedegad). 
Ees gansakuTrebuli SemTxvevaa. zogadad, es variaciebi cxadi saxiT unda 
gamoviyenoT. magaliTad, momentis denebis (13‟) dasadgenad variaciebis saxe, 
dakavSirebuli lorenc-gardaqmnebTan, TamaSobs gadamwyvet rols. igive 
situaciaa, roca saqme gvaqvs Sinagan simetriebTan.  

 

 

g) fazuri garadqmnebi da denis Senaxva. 

 

 Grogorc SeiZleba advilad inaxos, lagranJians (4), garda puankares 
sivrce-drois simetriisa (14), gaaCnia e.w. Sinagani simetria fazuri 
gardaqmnebis mimarT  

                         ii ee   ,                       (15) 

sadac jerjerobiT mudmivi faza   igulisxmeba. Ees gardaqmnebi Seadgenen 

e.w. globaluri U(1) simetriis jgufis gardaqmnebs, romlebic moqmedeben 
Tavis sakuTar Sinagan sivrceSi. Ees sivrce faqtiurad warmoadgens 
sibrtyes, romelSic kompleqsuri brunvebi (15) xorcieldeba, ris 
Sedegadac  -velis “mimarTuleba” icvleba, magram misi moduli  yovelTvis 
inaxeba. mcire, anu infinitizimaluri, gardaqmnebisaTvis gvaqvs 
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                          ii 11  .                 (15‟)     

Tu gadavalT realur komponentebze  

                 2/)(,2/)(
2121

 ii     

am gardaqmnebs eqnebaT saxe: 

 

                         jjiii                            (16)                

 

(
ij

 antisimetriuli 2-ganzomilebiani levi-Cevitas tenzoria). am gardaqmnebis 

Semdeg  -lagranJiani ase gamoiyureba  -rigis miaxlovebaSi: 

 

  

      
 

 

   
 

 
 

   

  


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


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


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


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
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

J
x

O
xx

O

x

ii

jji

i

jji

i

ii

jji

i

jji

i

iijjiijjii




































































,

,

,,

22

 

 

sadac Cven daviTvaleT velis variacia 
jjii    

(da aseve misi 

warmoebulis variacia) da isev gamoviyeneT velis moZraobis gantoleba (5) 

realuri komponentebis bazisSi (i=1,2) 

 

                        
 

ii
x 





















   .                       (5‟) 

 

viTxovT ra rom lagranJianis sruli variacia iyos noli, 0 , 
vRebulobT rom fazuri gardaqmnebis (15,16) mimarT lagranJianis 

invariantobis sapasuxod  inaxeba deni 


J  ( 0 

 J )  
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  jijijji

i

J 









   .              (17)      

kompleqsuri komponentebis (e.w. kartanis) bazisSi es deni Rebulobs formas  

              


 


iiJ           (18)    

              

   amrigad, mudmivi  -fazis  SemTxvevaSi gvaqvs Senaxvadi deni


J , 

romelsac uwodeben nioteris dens. cvalebadi Ffazis SemTxvevaSi  x   

am gardaqmnebis jgufs uwodeben lokalur U(1) simetrias, romelsac Cven 

ganvixilavT mogvianebiT. Ffazuri gardaqmnebis 1-ganzomilebian  U(1) jgufs 
orive SemTxvevaSi uwodeben abelis simetrias. 
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4. Sinagani sivrce. 
 
 
a) sivrce-dro da Sinagani sivrce. 
 
   miRebuli Sexedulebis Tanaxmad velis mdgomareoba ganpirobebulia, 
rogorc vxedavT, ori sivrcis arsebobiT, romlebic arian – geometriuli 
(minkovskis) brtyeli sivrce-dro )4(M   da mis yovel (4-koordinatian) 
wertilSi “mimagrebuli” Sinagani sivrce )1(C , romelic aseve brtyelia (anu 
aris ubralod sibrtye, romelSic kompleqsuri brunvebi (15) xorcieldeba). 
miuxedavad imisa rom Cven ganvixilavT skalarul  -vels aseT brtyel 
garemoSi SesaZlebelia warmovidginoT rom mcire manZilebze es ori sivrce 
erTiandeba erT kombinirebul sivrceSi, romelsac zogadad SeiZleba 
gaaCndes simrude. Aaqedan gamomdinare warmosadgeni iqneboda gravitaciisa 
da sxva cnobili urTierTqmedebebis gaerTaianeba erTian konceptualur 
sqemaSi radgan es urTierTqmedebebi (eleqtromagnituri, susti da Zlieri) 
iCenen Tavs rogorc swored Sinagani sivrcis aRgznebebi. 

  Aamas garda, Seizleba vifiqrod, rom nebismieri urTierTqmedebis gaCena 
mocemul brtyel sivrce-droSi axdens gavlenas mis Tvisebebze, kerZod 
warmoqmnis simrudes, radgan es urTierqmedeba xasiaTdeba Sesabamis 
procesebSi monawile nawilakebis (an sxva fizikuri obieqtebis) masebiTa da 
energiebiT. 

Tu Tavidan urTierTqmedeba gaTiSuli iyo da gvqonda swori 
msoflio wiri, maSin urTierTqmedebis CarTvis Semdeg es 
msoflio wiri gaiRuneba, anu gaCndeba simrude. es efeqti (da 
am tipis efeqtebi) SesaZloa, Zalzed mcirea, magram misi 
gaTaliswineba badebs, rogorc davinaxavT qvemoT, axals – 

gravitaciasTan daaxlovebul xedvas – sxva urTierTqmedebebis mimarT.  
    Mmesame da yvelaze pirdapiri mosazreba aris is rom Cven kompleqsur 

 -vels ucvlel modulTan 2/12

2

2

1
   erTad SeiZleba qondes nebismieri 

orientacia Sinagan sivrceSi, anu )1(C  sibrtyeze. Tu es orientacia yvela 
sivrce-drois wertilSi erTi da igivea, maSin mas fizikuri gamovlineba 
ara aqvs, radgan nebismieri aseTi (globaluri) orientacia fizikurad ar 
gansxvavdeba sxva orientaciisagan. magram Tu es orientacia icvleba 
wertilidan wertilamde, maSin Cven unda vifiqrod imaze Tu rogor 
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SevadaroT es orientaciebi erTmaneTs. Ees praqtikulad igive problemaa, 
romelicaa mrude sivrce-droSi, roca Cven vadarebdT erTmaneTs 
paraleluri gadatanis Sedegad miRebul veqtoris mimarTulebebs (da 
mniSvnelobebs). Aamrigad, am mosazrebis Sesabamisad, rogorc gravitacia 
aseve sxva urTierTqmedebi warmoiSobian sivrce-drois sxvadasxva 
wertilebis urTierTobidan.  Bafinuri bmulobis tenzori mogvevlineda 
maSin im sidideT, romelic ganapirobebs am wertilebs Soris komunikacias, 
da am komunikaciis Sedegad gaCenil gravitaciul, eleqtromagnitur da 
sxva urTierTqmedebebs. 
 
 
 
b) paraleluri gadatana kompleqsuri skalaruli velisaTvis. 
 
miviRoT, zemoTmoyvanil (gansakuTrebiT, bolo) mosazrebis Sesabamisad, rom 
skalaruli  -veli ganicdis “gravitaciuli” tipis wanacvlebas 
paraleluri gadatanis dros 
 

                    

  xxxxxxx jjiii              (19)    

                         

sadac afinuri bmulobis tenzori 
ji  unda iyos antisimetriuli i da j 

indeqsebis mimarT (velis moduli 2/12

2

2

1
   ucvleli rom rCebodes). 

misTvis umartivesi arCevani iqneba  
 

                           xAax jiji                         (19‟) 

 

sadac a nebismieri konstantaa, 
ji  levi-Cevitas simboloa da  xA

 ki  

veqtoruli velia (jerjerobiT nebismieri). 
 
 
 
g) kovariantuli diferencireba. 
 

miviRoT exla rom U(1) simetriis gardaqmnebi (15,16) lokaluria, anu faza 

 damokidebulia 4-koordinataze 


x . Aam SemTxvevaSi i -velebis 

variaciebisTvis vRebulobT 
 

                            jjii x                           (20)                                                  
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xolo maTi warmoebulibis variaciebisTvis gamodis  
 

                     jjiijiii xx       .        (21)     

rogorc vxedavT, es warmoebulebi ar gardaiqmnebian rogorc TviTon i -
velebi, radgan maTi variaciebi Seicaven TviT fazis (anu gardaqmnis 
parametris) warmoebulsac. amitom aqac saWiroa kovariantuli 
warmoebulis Semoyvana ise rogorc amas vakeTebdiT Cveulebrivad mrude 
sivrcisaTvis (Nnawili I, Tavi II) 
 
 

                  

   

     

 
jjii

jjiii

x

ii

xi

x

x

xx

x

xxx

x

xxxxx
D





















































0

0

lim

lim

            (22)        

 
 
sadac Cven aseve gamoviyeneT gantoleba (19) paraleluri gadatanisaTvis. 
 
 
 
d) yalibruli veqtoruli veli. 
 
ganvixiloT exla  -velis kovariantuli warmoebulis variacia 
 
  

   

     
      

           

       

     
jjijjijji

jjijjikkijji

kjikjjjijjijji

jjijjijji

jjiijjiii

xxDx

xxx

xxxxxx

xxx

xxD































      (23)                 

 
 
da moviTxovoT rom es warmoebuli gardaiqmnebodes ise rogorc 
gardaiqmneba TviTon  -veli (ix. (20)), anu   
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                      jji DxD                           (24)                      

 
Tu  gavixsenebT axla  rom   xAa

jiji 
 (19) mivdivarT daskvnamde rom 

bolo gantolebis (24) dasakmayofileblad afinur bmulobaSi Semavali 
veqtoruli veli unda gardaiqmnebodes rogorc  
 

                          xaAxA 

 )/1(   . A                 (25)     

 
   am vels uwodeben yalibur vels da misi arseboba, rogorc vxedavT 
gamomdinareobs kovariantuli warmoebulis arsebobidan, anu fudamenturi 
moTxovnidan, rom  sistemis fizikuri Tvisebebi, kerZod kompleqsuri 
skalaruli velis orientacia Cven SemTxvevaSi, gadacemul iqnas 
wertilidan wertilamde 4-ganzomilebian minkovskis sivrce-droSi. 
amisaTvis, rogorc vxedavT, unda arsebobdes veqtoruli yaliburi veli, 
romelic  gardaiqmneba rogorc (25). 
   Teoriis invariantoba am gardaqmnebis mimarT niSnavs, meores mxriv, rom 
es veqtoruli veli unda iyos umaso, radgan misi masuri wevri 

aucileblad daarRvevda am simetrias. Tu es A-veli gaigivebulia 
eleqtromagnitur velTan, maSin Cven gvaqvs saqme eleqtrodinamikasTan, 
romlis Tvisebebs ufro detalurad ganvixilavT mogvianebiT.  
 
 
 
e) simrude da veqtoruli velis daZabulobis tenzori 
 

   exla davTvaloT gaerTianebuli )4(M  )1(C  sivrcis  SesaZlo simrude i -

velebis (i=1,2) Caketili traeqtoriis gaswvriv paraleluri gadatanidan 
gamomdinare. Azogadad am velebis cvlileba iqneba  
 

                       


  xxR jjii                      (26) 

 

sadac jiR  Sesabamisi rimanis simrudis tenzoria, romelic (Cveulebrivad 

rogorc mrude sivrce-droSi, ix. amocana 9) gamoisaxeba afinuri bmulobebis 
saSualebiT   
             

       jkkijkkijijijiR    .       (27) 
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radganac 


 Aa

jiji
 , misi  antisimetriulobis (i- da j- mimarT) gamo 

gantolebaSi (27) Semavali bolo ori wevri erTmaneTs abaTilebs da, 
sabolood, bmulobebis cxadi saxiT Casma gvaZlevs: 

                     


 FaxAxAaR
jijiji

                (28)                              

 

sadac  AAF   veqtoruli velis daZabulobis cnobili tenzoria. 

advili dasanaxia, rom es tenzori F  avtomaturad invariantulia  

veqtoruli velis 
A  yaliburi gardaqnebis (25) mimarT. Semdgom 

A  vels 

erTmniSvnelovnad gavaigivebT eleqtromagnitur velTan 
 
 
 

v) UU(1) yaliburi invariantobis jgufi. 
 
   rogorc davrwmundiT, kompleqsuri skalaruli veli da 
eleqtromagnituri veli 

A  erTdroulad gardaiqmneba rogorc 

 

                 
( )xαieυυ →   ,       xaAxA 


 )/1(            (29)                

 
es gardaqmnebi qmnian simetriis jgufs, romelsac unitaruli 1-

ganzomilebiani U(1) jgufi ewodeba. Ees jgufi am SemTxvevaSi, rogorc 
amboben, lokaluria radgan gardaqmnebis faza  x  icvleba wertilidan 
wertilamde. 
   kompleqsuri skalaruli  -velisaTvis es, rogorc ukve avRniSneT, 
ubralod kompleqsur sibrtyeSi    21 ,Im,Re    brunvaa, xolo 
veqtoruli 

A  velisaTvis es jgufi aris araerTgvarovani wanacvleba 

 x  wevriT. es orive tipis gardaqmna akmayofilebs jgufis Tvisebebs: 

(i) arsebobs erTeulovani elementi, romelic Seesabameba 0 . 

(j) arsebobs Sebrunebuli elementi, romelic Seesabameba Secvlas   . 

(k) muSaobs kompoziciis kanoni: ori nebismieri Tanmindevrebuli  x  da 
 x  faziT ganxorcielebuli gardaqmnebisTvis   

 
                      



  AAe xi ''                                   

                      


  '''''' AAe xi    

                              
arsebobs jamuri gardaqmna 
                      



   AAei ''''                             
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romelic ekuTvnis imave U(1) jgufis elementebis (anu gardaqmnebis) 
mravalnairobas. 

  sabolood avRniSnoT, rom roca U(1) jgufi globaluria, rogorc es 
gvqonda wina ganxilvaSi (ix. 3-g), gardaiqmneba mxolod  -veli. veqtoruli

A  veli ki am SemTxvevaSi saerTod ar arsebobs, radgan misi saWiroeba 

arsaidan ar gamomdinarobs - kompleqsuri  -velis faza sivrce-droSi 

yvelgan erTi da igivea. meores mxriv, Tu U(1) jgufi lokaluria maSin 
veqtoruli (anu eleqtromagnituri) veli 

A   unda arsebobdes rom 

uzrunvelyos  -velis lokaluri )(x  fazis gadatana minkovskis sivrcis 
erTi wertilidan meore wertilSi.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



132 

 

 

 

 
 
 

5. klasikuri eleqtrodinamika. 
 
 
 
a) lagranJiani. 
 
   Ekompleqsuri skalaruli  -velis lagranJiani zogad SeTxvevaSi, roca 
misi orientacia Sinagan sivrceSi ar aris mudmivi da icvleba wertilidan 
wertilamde (minkoskis sivrce-droSi), aRar gamoisaxeba ubralo formuliT 
(4). marTlac faqtobrivad am formulaSi  -velis warmoebuli unda 
Seicvalos kovariantuli warmoebuliT (22) 
 

                                                                                υDυ
μμ

→∂                                                                           (22’) 

 
imisaTvis rom is iyos WeSmariti veqtori Sinagani sivrcis 
gaTvaliswinebiTac. TvalsaCinoa rom es wminda geometriuli MmoTxovna 
srulebiT gansazRvravs am velis eleqtromagnitur urTierTqmedebas (ix. 
qvemoT (32)) radgan kovariantul warmoebulSi Semavali afinuri bmuloba 

   xAax jiji     Seicavs eleqtromagnitur A  vels.  amasTan, Tu Cven 

ganvixilavT A  rogorc fizikur vels maSin srul lagranJianSi,   da 

A  velebis urTierTqmedebis garda, unda Sediodes am velis kinetikuri 

wevric. es wevri SeiZleba davadginoT Tanaxmad simrudis gamosaxulebisa 

(28)  gamomdinare i -velebis (i=1,2) paraleluri gadatanidan Caketili 
traeqtoriis gaswvriv. Aam gamosaxulebidan miRebuli umartivesi lorenc-
invariantuli struqtura aris 


FF  rogorc pirdapir SegviZlia 

davinaxoT. Aaqedan Sesabamisi koeficientebis SerCeviT - ise rom variaciis 

Sedegad gamodiodes koreqtuli moZraobis gantolebebi   da A  

velebisaTvis  - uSualod vRebulobT lagranJians  
 
 

                   
iiii

m
DDFF  







22

1

4

1 2

                  (30)                   

 
 
romelic aris lorenc-invariantuli, realuri,  minimaluri da 
akmayofilebs yvela danarCen saWiro pirobas (1)-(6) (ix. 2.b). amas garda es 
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lagranJiani yaliburad invariantulia, e.i. iTvaliswinebs aseve Sinagani 
sivrcis lokaluri Tvisebebis moTxovnebs. Ees yaliburi invariantoba 
niSnavs, meores mxriv, rom eleqtromagnituri veli umasoa, radganac misi 
masuri wevri 


AAM 2)2/1(  aucileblad daarRvevda am simetrias (25). 

   ra Tqma unda lagranJiani (30) aseve invariantulia 4-transliaciebis 
mimarTac, rac skalaruli velis energia-impulsis tenzorTan (13) erTad 
gvaZlevs eleqtromagnituri velis energia-impulsis Senaxvad tenzors 
 

                       ρσ

ρσ

μνν

ρ

μρμν FFηFFAT
4

1
+–=)(}{                  (31)     

 
sadac Cven moviyvaneT am tenzoris simetrizebuli versia.    
   Tu gadavwerT exla LlagranJians (30) kartanis bazisSi (   da 

φkomponentebSi) miviRebT 
 

     
  

   





































22

2

2

4

1

4

1

4

1

mAeieAFF

mieAieAFF

mDDFF

    (30‟) 

 
 

am gamosaxulebis bolo striqonidan naTlad Cans rom, garda A  da   

velebis kinetikuri wevrebisa da   velis masuri wevrisa, lagranJianSi 
warmodgenilia eleqtromagnituri velis skalaruli velis denTan 
urTierTqmedebis wevri  
 

                 em

μ

μ jA    ,       


  Aeiej me 2    .        (32)                                              

 

am urTierTqmedebis konstanta, anu eleqtruli muxti e, aris zustad is 

konstanta a, romelic iyi adre warmodgenili afinuri bmulobis tenzorSi 
   xAax jiji    (ix. (19‟).  

   Lamrigad kompleqsuri skalaruli  veli faqtobrivad aRwers 
eleqtrulad damuxtul skalarul vels da misi LlagranJiani (19) 
warmoadgens skalaruli velis standartul eleqtrodinamikas.   
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b) moZraobis gantolebebi. 
 
   eiler-lagranJis gantolebebi 

A  da   velebisaTvis miiReba 

Cveulebrivi variaciis wesiT (ix. Nnawili 2.). amrigad eleqtromagnituri 

A  velisaTvis gvaqvs 

 

                            emjF
x







                          (33)               

 

sadac emj

 mocemulia zemoT (32), xolo skalaruli   velisaTvis Sesabmisi 

variaciis Sedegad gamodis  
 

                                Jm  2                        (34)  
 
sadac J  skalaruli velis denia (an, rogorc amboben, wyaroa). Aam denis 
saxis dadgenasTan dakavSirebiT ix. amocana 10. 
 
 
 
 
 g. maqsvelis gantolebebi (swrafi mimoxilva). 
 

   (i) veqtor-potenciali da eleqtruli da magnituri velebi. F  

tenzoris ganmartebis gamoyenebiT 





 AAF   SeiZleba advilad 

ganvsazRvroT F -s TiToeuli komponenti. Ggamomdinare pirdapiri 

kavSirebidan veqtor-potencialsa 
A  da eleqtrul da magnitur velebs 

Soris 
 

              AA


 , ,  ArotBgradE


 ,  

vRebulobT 
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





























0

0

0

0

123

132

231

321

BBE

BBE

BBE

EEE

F 

                  (35)                       

an ufro mokle saxiT:    
                          

                        kj

kjiiii FBFE  0                   (35‟) 

 
 

   (j) maqsvelis gantolebebis pirveli wyvili. radganac 
F  

antisimetriuli tenzoria misTvis samarTliania Semdegi igiveoba  
 

                        0

























x

F

x

F

x

F
                    (36)                  

 
aqedan advilad miiReba maqsvelis gantolebebis pirveli wyvili 
 

                             0Bdiv


                            (37)                           
                  

                             0





t

B
E




                        (38)                                                      

 
es gantolebebi SeiZleba Caiweros integraluri formiT. kerZod, gausis 
Teoremis Tanaxmad  pirveli gantoleba (37) gadadis  
 

                         0  SdBdVBdiv


                      (37‟)         

                      
sadac marjvena integrali aiReba marcxena integralis moculobis 
SemomsazRvrel mTel Caketil zedapirze. integrals veqtoridan raime 
zedapirze ewodeba veqtoris nakadi am zedapirSi. Eese igi am gantolebis 
Tanaxmad magnituri velis nakadi nebismier Caketil zedapirze nulis 
tolia. 
   rac exeba meore gantolebas (38) stoqsis Teoremis Tanaxmad is SeiZleba 
gadaweril iqnas rogorc 
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                  


 SdH

t
ldESdErot


                 (38‟)                     

 

sadac marjvena integrali aiReba Sekruli konturis gaswvriv, romelic 
SemosazRvravs im zedapirs, romelzedac aintegreben marcxena integrals. 
integrals veqtoridan Caketili konturis gaswvriv ewodeba am veqtoris 
cirkulacia konturis gaswvriv. Eese igi am gantolebis Tanaxmad 
eleqtruli veqtoris cirkulacia raime konturSi tolia am konturiT 
SemosazRvrul zedapirSi magnituri velis nakadis cvlilebisa (misi droiT 
warmoebulisa Sebrunebuli niSniT). 

 

   (k) maqsvelis gantolebebis meore wyvili.  eleqtromagnituri velis 
moZraobis gantolebidan (33) SeiZleba miviRoT maqsvelis gantolebebis 
meore wyvili 

                             Ediv


                             (39)                                   
             

                             mej
t

E
H










                        (40)                                                                  

 

sadac zogadad  meme jj


,   Tumca, rogorc viciT, am dens damuxtuli 

skalaruli velis kerZo SemTxvevisaTvis aqvs saxe (32). 
  gadavweroT exla es gantolebebi integraluri saxiT. Ppirveli 
gantoleba (39) kvlav gausis Teoremis gamoyenebiT gadadis  
 
 

                         ∫ ∫ ∫== dVρSdEdVEdiv


                 (39‟) 

                                   
 
rac niSnavs rom eleqtruli velis nakadi Caketil zedapirSi 
proporciulia am zedapiriT SemosazRvrul moculobaSi arsebuli sruli 
muxtisa. 
   analogiurad meore gantoleba (40) stoqsis Teoremis gamoyenebiT 
gvaZlevs 
 

           ( )∫ ∫ ∫ ∫ ∂/∂+=+∫
∂

∂
== SdtEjSdjSdE

t
ldBSdBrot


        (40‟)              
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anu, magnituri velis cirkulacia raime konturis gaswvriv proporciulia 
am konturiT SemosazRvrul zedapirSi gamavali denebis jamisa – namdvili 

denisa j

 da e.w. wanacvlebis denisa tE ∂/∂


.  

   

 (l) erTeulebis sistema. Cven aq yvelgan viyenebT e.w. hevisaidis erTeulTa 
sistemas, radgan velebis gantolebebs am sistemaSi aqvT ufro martivi  
saxe. samagieroT kulonis potencialSi (ix. II-46) (da aseve niutonis 

gravitaciul potencialSic (ix. II-61)) Cndeba damatebiTi mamravli π1/4 . 

Aamis sapirispiroT - standartul gausis erTeulTa sistemaSi damatebiTi 
mamravli π1/4  aqvs eleqtromagnituri velis kinetikur wevrs νμ

νμ
FF4/1–  

(da aseve gravitaciuli velis kinetikur wevrs, ix. nawili III), xolo 
kulonis (da niutonis) potenciali Tavisufalia misgan. 
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amocanebi. 
 
 
 

1. (i) aCveneT, rom denis Senaxvidan 0 


j  gamomdinareobs sruli  

  muxtis   droisgan damoukidebloba 0
dt

dQ , sadac Q ganmartebulia 

  rogorc    xxjdQ 03 . 

  (ii) aCveneT, rom energia-impulsis tenzoris Senaxvidan 0 


T   

  sruli 4-impulsis droisgan damoukidebloba 0
dt

dP

, sadac P  

  ganmartebulia rogorc   xxTdP  03 . 

 
2. aCveneT, rom eleqtromagnituri daZabulobis tenzori 

F   

  akmayofilebs 0  FFF  gantolebas. 
 

3. aCveneT, rom  222 BEFF





 da HEFF



        

                     
4. gamoiyvaneT maqsvelis gantolebebis pirveli da meore wyvili da  
  daadgineT maTi fizikuri Sinaarsi. 
 
5. gansazRvreT 

A -sTan SeuRlebuli ganzogadebuli impulsi   

   
 



A

L
x

0


 . aCveneT, rom  ii E  (eleqtruli veli) 00  . 

 
6. 3 da 5 amocanebis Sedegebis gamoyenebiT aCveneT, rom  
  Eleqtromagnituri velis energiis simkvrive gansazRvruli rogorc  

    
  A0  tolia  22

2

1
BE


 .     

  
7. aCveneT, rom 6 amocanaSi gamoyenebuli energiis simkvrive   aris 

A    
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  eleqtromagnituri velis  energia-impulsis tenzoris 00T  komponenti.   
  aCveneT, rom misi zogadi saxea 

               A

A A
A

T 
 





 



  , sadac   

 FFA
4

1
   

 
8. daamtkiceT gantoleba 
                      

 jkkijkkijijijiR   

9. LlagranJianidan (30‟) ipoveT skalaruli velis deni J . 
 
10. amoxseniT skalaruli velis moZraobis gantoleba    Jm  2  (ix.  
   (34)). CaTvaleT rom  wyaros simkvrive mudmivia.  
 
11. daamtkiceT gantoleba (13‟) lagranJianis varirebiT lorenc- 
   gardaqmnebis mimarT. MmiTiTeba: gamoiyeneT lorenc gardaqmnebis  
   infinitizemaluri forma 



   ,xxx  . daamticeT am  

   formis marTebuloba.                                                          
L 
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III.   gravitacia 
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I. gravitaciuli urTierTqmedeba –  
                           evristuli miaxloveba 
 
 
 
 

   avRniSnoT upirveles yovlisa, rom Tu sxva Dcnobili urTierTqmedebi 
(rogoricaa eleqtromagnituri, susti da Zlieri (birTvuli) 
urTierTqmedeba) moqmedeben ukve apriorulad gaansazvrul sivrce-droSi 
gravitaciuli Zalebi zogadaT TviTon ganapirobeben am sivrce-drois 
fundamentur Tvisebebs. Cven vfiqrobT, rom am Tvisebebis dadgena xdeba 
zemcire manZilebze, sadac iCens Tavs kvanturi gravitacia. Ddid 
manZilebze ki gravitaciuli Zalebi moqmedeben, rogorc Cans,  
analogiurad sxva Zalebisa TiTqmis brtyel 4-ganzomilebian sivrce-droSi. 
esaa e.w. susti gravitaciis miaxloveba, romelSic aSkarad Cans  analogia 
eleqtrodinamikasTan. tradiciulad gravitaciuli urTierTqmedebis 
ZiriTadi gantolebebis dasadgenad iyeneben am analogias. Cvenc daviwyebT 
am ufro intuiciuri midgomiT, romelic Cven ukve nawilobriv gamoviyeneT 
zemoT (ix. II-II-5)4 da Semdeg TavSi ganvixilavT am Teoriis formalur 
mxareebsac.  
 
 
 
 
 
 
 
 
 
 
 
                                                           
4LleqciebSi wina masalaaze referenciebi aRiniSneba mzgavsi wesiT, mag. I-II-5 niSnavs referencias punqtze 
5 nawili I, Tavi II, xolo I-II-(15)  niSnavs referencias  formulaze (15) amave nawiliSi da TavSi. 
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1. analogia eleqtrodinamikasTan. 
 
 

   marTlac, kargad cnobilia rom arsebobs pirdapiri analogia statikur 
gravitaciul da statikur eleqtrul velebs Soris. am SemTxvevaSi  
eleqtromagnituri veqtor-potenciali 

A  aris droSi mudmivi, anu 

0



A

t
. maSin maqsvelis gantolebidan (ix. III-5g)  

 

                             Ediv


                         (1)                      
sadac  
              

),( 000 A
x

A
t

FEAgradE
i

iii









 

         

vRebulobT  

                           i

i
.                      (2)   

 
es kargad nacnobi puasonis gantolebaa, romlis amonaxsni statikuri 
eleqtruli muxtis simkvrivisaTvis, romelic lokalizebulia koordinatTa 
sistemis saTaveSi  rQ


   gvaZlevs cnobil kulonis potencials   

  

        
R

Q
R




4
     . 

 
(imis gamo rom Cven klasikuri eleqtrodinamikis aRwerisas (ix. II-III) 
viyenebT hevisaidis erTeulTa sistemas kulonis potencialSi Cndeba 

damatebiTi mamravli π1/4 ). 

      meores mxriv, rogorc kargad cnobilia statikur gravitaciul 
potencials aqvs analogiuri saxe 
 

                             
R

GM
RV

4
   
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sadac G niutonis mudmivaa ( 23810  GevG  ( 1 c ), xolo M gravitirebadi 
sxeulis masa.  
 

 
 
 
 
 

2. Ggravitaciuli velis gantolebebi. 
 

 
 zemoT ganxiluli analogiis safuZvelze analogiuri puasonis 
gantoleba gravitaciisaTvis unda iyos 
 

                      )(, 3 RMGV    .                  (2‟) 
   

sadac V(R) statikuri masis simkvrivis  R -is mier Seqmnili potenciali 

    gavixsenoT rom statikuri ara-relativisturi nivTierebisTvis 00T , 
sadac energia-impulsis tenzoris “00” komponenti  
 

                
   

     



2/1400 xgxx

d

dt

d

dt
MdT 








              (3) 

 

(ix. II-II-(34) gadawerili mrude sivrcisaTvis  )(4 x  2/1)( g )(4 x ) erTi 

(daaxlovebiT) “uZravi” M-masis mqone nawilakisaTvis  pirdapir gvaZlevs 
susti gravitaciis miaxlovebaSi (II-II-5) 
 

                          xxMT  300
    .                                                                (4) 

 
axla Tu gaviTvaliswinebT, rom am nawilakis mier Seqmnili potenciali V 

aris 00
2

1
hV  , rogorc es gamodis nawilakis moZraobis gantolebidan mrud 

sivrceSi (anu geodeziuris gantolebidan agebuls saWiro miaxlovebaSo, ix. 
II-II-5b)) miviRebT 
 

                             0000 2GTh    

 
es toloba, ra Tqma unda samarTliania mxolod susti gravitaciuli 
velis SemTxvevaSi, magram Cven miviRebT rom is “muSaobs” nebismieri 
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gravitaciuli velis SemTxvevaSic, anu  
0000 2GTg  . amaze metic Cven 

SeiZleba vivaraudoT, rom am gantolebis kovariantuli analogic 
arsebobs, romelsac aqvs saxe  

                                GTG 2                         (5)                                               

 
sadac 

G - zogadi 2-indeqsiani tenzoria, romelic  metrikuli tenzoris 

g  pirveli da meore rigis warmoebulebzea damokidebuli, xolo 
T - 

gravitaciuli velisa da sxva arsebuli velebis sruli energia-impulsis 
tenzori. Gganmartebisamebr 

G  tenzori unda akmayofilebdes Semdeg 

moTxovnebs: 
 

(1) radganac tenzori 
T  simetriulia 

G  tenzoric unda iyos 

simetriuli, anu 
 GG   , 

(2) statikur zRvarze gadasvlisas igi unda gvaZlevdes 
0000 gG  , 

(3) kovariantuli gawarmoebisas igi unda inaxebodes, iseve rogorc 

inaxeba 
T  tenzori, anu 0 

G , 

(4) struqturulad is unda iyos minimaluri, anu ar unda Seicavdes 
raime tenzorebis maRali rigis namravlebs.      

    
    axla vaCvenoT rom yvela es moTxovna avtomaturad iqneba 
dakmayofilebuli Tu 

G -s aviRebT e.w. ainStainis tenzoris saxiT:   

                                          

                          gRRG
2

1
                          (6)    

                           
marTlac pirveli da meoTxe moTxovnebi trivialurad sruldeba aRebul 
formaSi (6). Mmeore moTxovnac advilad Sesamowmebelia 
 

                        00000000
2

1
ggRRG     . 

 

rac exeba mesame moTxovnas 0 
G  davweroT mis dasamtkiceblad biankis 

igiveoba rimanis simrudis tenzorisaTvis (ix. I-II-4-7) 
 
                      

                      0;;;  









 RRR                        (7)     
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(sadac ;  niSnavs kovariantul warmoebuls
 ). gavamravloT toloba (7) 




 g -ze da gamoviyenoT is , rom 0 g , maSin  

 
 

          00 ;;;;;;  

















 RRRRgRgR          (7‟)                                                          

                                       0
2

1
;;  



 RR   .  

gavamravloT exla bolo gamosaxuleba g -ze 
 

      







 0

2

1
0

2

1
;;;; 







 RgRRRg     0 
G  

 
amrigad, yvela moTxovna dakmayofilebulia da ainStainis gantolebas aqvs 
saxe:  

                        GTgRR 2
2

1
  .                      (8)    

                              
avRniSnoT rom aRebuli forma (6) ainStainis tenzorisaTvis unikaluria. 
erTaderTi wevri, romelic SeiZleba daematos mas aris 

g  tipis 

struqtura (sadac Λ konstantaa), romelsac kosmologiur wevrs uwodeben 
da mas, rogorc Cans Sesabamisi hamiltonianidan, vakuumis energiis azri 
aqvs. Tanaxmad eqsperimentuli monacemebisa igi Zalian mcirea,  
 

                          
329 /10

2
cmg

G




 .  

 
masTan erTad ainStainis gantolebebi Rebuloben saboloo saxes: 
 

                        GTgRR 2
2

1









                    (9)                               

 
sadac 

T   gravitaciuli velis wyaroa (mzgavsad eleqtromagnituri 

denisa eleqtromagnitur velTan mimarTebaSi). 
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3. ainStainis gantolebebis fizikuri Sinaarsi. 
 
 
 gravitaciuli da inercialuri masebis eqvivalentoba niSnavs, rom 
SeuZlebelia gravitaciuli da inercialuri Zalebis garCeva. radganac 
Tavisuflad vardnil sistemaSi SeuZlebeblia inercialuri aCqarebis 
dakvirveba, amitom gravitaciuli aCqarebis dakvirvebac SeuZlebelia. 
 miuxedavaT imisa, rom es dakvirveba SeuZlebelia mxolod statikur 
erTgvarovan gravitaciul velSi, Cven gvjera Zlieri eqvivalentobis 
principisa, romlis tanaxmad sivrce-drois nebismier P (magram ara yovel) 
wertilSi Cven SegviZlia avirCioT iseTi lokaluri inercialuri sistema, 
rom nebismieri gravitaciuli urTierTqmedeba gamoiricxos da yvela 
dinamikuri gantoleba gamoiyurebodes iseve rogorc minkovskis sivrceSi   (

    0,  PPg 
  ) . nebismieri gravitaciuli urTierTqmedeba niSnavs 

nebismier metrikul tenzors  xg 
 da nebismier afinur bmulobas  x

 , 

romelic Cndeba nebismieri zogad koordinatuli gardaqmniT xx  , maSin 
roca dinamikuri gantolebebi TavisTavad inarCunebs Tavis formas. es aris 
zogadi kovariantobis  principi da igi pirdapir gamomdinareobs 
eqvivalentobis principidan. 
      ainStainis gantolebaTa sistema Seicavs 10 gantolebas  xg 

 

metrikuli tenzoris 10 komponentisaTvis. amitom SeiZleba vivaraudoT, 
rom maTi amoxsniT vipoviT  xg 

tenzoris 10-ive komponents. magram es ase 

ar aris: 10 gantolebidan 
 GTG 2  damoukidebelia mxolod 6 

gantoleba, radgan 4 biankis igiveoba 0 
G  amcirebs maT raodenobas 

zustad 6-amde. aqac vxedavT analogias eleqtrodinamikasTan – 

kovariantuli maqsvelis gantolebebi 

 jF    Seicaven 4 gantolebas 

magram iqac biankis tipis igiveoba 0 

 F amcirebs maT raodenobas 3-

amde. Zalian mniSvnelovania rom iseve rogorc es igeveoba Cndeba 
eleqtromagnituri daZabulobis (

F ) yalibrulad invariantuli formidan,  

gravitaciaSi biankis igiveobebi  dakavSirebulia ainStainis tenzoris (
G ) 

zogad kovariantul formasTan. anu orive SemTxvevaSi Cven gvaqvs saqme 



147 

 

 

 

yalibur invariantobasTan rac niSnavs, rom veqtoruli potencialis  xA
 

erTi komponenti, xolo  xg 
 metrikuli tenzoris 4 komponenti ar 

SeiZleba ganisazRvros calsaxad. es asaxavs im faqts, rom Tu  xg 
 aris 

ainStainis gantolebis amonaxsni,  maSin  xg 
 , romelic dakavSirebulia 

zogad koordinatuli gardaqmnebis SedegTan  

 

           









 gggxxx                 (10) 

 
agreTve misi amonaxsnia marTlac, koordinatul gardaqmnebs SemoyavT 4 

nebismieri funqcia  xx  , romlebsac SemoaqvT  xg 
 -Si 4 nebismieri 

komponenti iseve rogorc veqtor-potencialis yalibruli gardaqmna 
  AAA   tovebs erT-erT mis komponents nebismiers. 

amrigad, ainStainis gantolebebis sruli amonaxsnis sapovnelad 
saWiroa 4 axali gantoleba. Aam damatebiT gantolebebs (romlebic 
SeiZleba SerCeul iqnan sxvadasxva gziT, ix. qvemoT) uwodeben gravitaciis 
yalibur pirobas, iseve rogorc eleqtrodinamikaSi erTerT aseT arCevans - 

0 
 A  -  uwodeben lorencis yalibrebas. 
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4. gravitaciuli talRebi. 
 

 
    axla davwrmundeT, rom Tavisufal eleqtromagnitur talRebTan 
erTad romlebic aRiwereba dalamberis gantolebiT  
 

                       kdkakexAA xki 42,0                   (11) 

 
gvaqvs gravitaciuli talRebic. zogadaT, eleqtromagnitur talRebs 
davimzerT minkovskis sivrce-droSi. amrigad, gravitaciuli talRebis 
dasamzeradac unda CavTvaloT gravitaciuli veli sakmaod sustad - ise, 
rom gvqondes TiTqmis brtyeli minkovskis sivrce    1   hhxg  

da am sivrceSi veZeboT mcire 
h talRebis gavrceleba. Sesabamisad 

kontravariantuli metrikuli tenzorisaTvis gveqneba 

   1   hhxg  . 
   infinitizemalur zogad koordinatul gardaqmnebs aqvT lokaluri 

translaciebis    xxxxx  )(  saxe. Sesabamisad metrikuli 
tenzori gardaiqmneba rogorc 
                        

                         xg
x

x

x

x
gg 















                  (12)                

 
anu Tu gamoviyenebT, rom  
                           

                   

















































 





xxx

x

x

x
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h tenzoris gardaqmnisaTvis miviRebT 

 

                        











xx
hh









                       (14)                                       

 
amrigad yaliburi Tavisufleba am tenzorSi mocemulia nebismieri 4-

komponentiani veqtoruli parametriT )(x . avirCioT es komponentebi ise 

rom dakmayofildes 4-komponentiani piroba  
 

                       0
2

1














hh

x







    ( 3,2,1,0 )             (15) 

 

romelsac uwodeben harmoniul yalibrebas (sadac 






hh   da 





 hhSph 

). zogadad es piroba gamomdinareobs e.w. harmoniuli koordinatebis 
pirobidan (amocana 5) 
 

                 0
2

1
0  ][ ,, 





 gggg
     (15‟)

 

  
 vnaxoT axla rogor iqceva Tavisufali ainStainis gantoleba susti 
gravitaciuli velis miaxlovebaSi. riCis tenzoris sapovnelad vipovoT 
Tavdapirvelad rimanis kovariantuli tenzori 
 

                       
 RgR                              (16)   
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1
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Sesabamisad riCis tenzorisaTvis 



 RRgR   vRebulobT 
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rac yalibris pirobis (15) gamoyenebis ( 2/hh 


  ) Semdeg pirdapir 

gvaZlevs 
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                     R = 

 h
xx

h


2

1

2

1
2





                                         (18) 

 
 
amitom ainStainis gantoleba sabolood miiRebs saxes  
 

            .00
2

1







 hhh              (19)                     

 
es ki susti gravitaciuli velis talRuri gantolebaa. 
    ganvixiloT axla brtyeli gravitaciuli talRa, romelSic veli 

icvleba mxolod erTi mimarTulebis (vTqvaT, z-koordinatis mimarTulebis) 
gaswvriv sivrceSi. maSin gantoleba (19) gadadis gantolebaSi  
 

                         0
1

2

2

2

2

2

















 h
ztc

                     (20)   

 
romlis amonaxsni, iseve rogorc brtyeli eleqtromagnituri talRisaTvis, 

aris ( czt / )-cvladebis nebismieri funqcia. Aamis gaTvaliswinebiT Cven 
SegviZlia  garda harmoniuli yalibrebisa (15) davadoT h -tenzors kidev 
oTxi piroba gamomdinare koordinatebis SesaZlo gardaqmnebidan brtyeli 
talRis SemTxvevaSi 
 

                      )/(' cztxx                                                  (21) 

 
ris Sedegad (  -funqciebis specialuri SerCeviT) damoukidebeli 
komponentebis  raodenoba h -tenzorSi sabolood daviyvanoT oramde  (10 
– 4 – 4 = 2 ). Ees ki swored fizikuri gravitonis Tavisuflebis xarisxebis 
aucilebeli raodenobaa.  
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amocanebi. 
 
 
 

1. aCveneT, rom  yx 4  funqcia mrud sivrceSi invariantulia  Tu  

                 
  

 yx
xg

yx 


 4

2/1

4 1
 .   

 
2. aCveneT, rom nebismieri veqtoris kovariantuli warmoebuli udris 

                      xJ 
   = 

  
    















xJxg

xxg





2/1

2/1

1  

     ras udris es kovariantuli warmoebuli Tu veqtori  xJ   

     nawilakTa denia?  
 
 

3. ipoveT ra saxe aqvs nawilakTa energia-impulsis tenzors )(xT  mrud 
sivrceSi. aCveneT rom misi kovariantuli warmoebuli udris nuls.  
 
 

4. daamtkiceT: 
 

(1) biankis igiveoba 0;;;  









 RRR  

 

(2) 0 
G  ainStainis tenzorisaTvis (Tu sruldeba biankis 

igiveoba)                                          
 

 
5. daamtkiceT rom harmoniuli yalibrebis piroba (15) eqvivalenturia 

e.w. “harmoniuli koordinatebis” pirobisa 0


g  susti 

gravitaciis zRvarSi. 
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II. gravitaciuli urTierTqmedeba –  
                                zogadi ganxilva 
 
 
 
G  gadavideT axlaDdReisaTvis standartul ainStainis gantolebebis 
gamoyvanaze, romelic dafuZvnebulia gravitaciuli velis (zogad 
koordinatuli gardaqmebis mimarT invariantuli) qmedebis monimalurobis 
principze. Ees zogadi ganxilva mogvcems Teoriis ufro Rrma gaazrebis 
saSualebas iseve rogorc mis gafarToebis SesaZeblobas 4-ganzomilebiani 
dro-sivrcis farglebs gareT. 
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1. velebi mrude sivrce-droSi.  

 
 
a) intuiciuri preambula.  
 
   Tavisufali materialuri velebis ganxilva gare gravitaciul velSi 
xdeba mzgavsad imisa rogor iqna ganxiluli Tavisufali nawilakebis 
moZraoba am velSi (II-II-(5)). zogadad gasagebia rom Cven am SeTxvevaSic 
vimyofebiT rimanis 4-ganzomilebian mrude sivrce-droSi da, Cveulebriv, 
Tavisufali velebis warmoebulebi minkovskis sivrce-droSi unda Seicvalos 
maTi zogad-kovariantuli warmoebulebiT (ix. I-II-(20-22)).  SesaniSnavia rom 
es wminda geometriul Sexeduleba - velebis warmoebulebi unda iyvnen 
ganmartuli rogorc WeSmariti veqtorebi (tenzorebi) mrud sivrceSi -  
sakmarisia imisTvis  rom davadginoT ra saxe aqvs maT gravitaciul 
urTierTqmedebas. marTlac, mrude sivrceSi gadasvlis Sedegad  
                    

 ∇→∂,)(g→ x                       (1) 

 

Tavisufali – skalaruli ( ) , eleqtromagnituri  A( A ) da a.S. – 

mterialuri velebis qmedeba
MS  iZens universaluri saxis damatebiT wevrebs 

gamomdinare am modifikaciidan 
 

     ,...),,()()(,...),( 2/144 AggxdgSAxdS MMMM       (2) 

                                                                                                     
sadac minkovskis “brtyeli”  -tenzoris magivrad mocemuli velebis Yyvela 
tenzorul namravls “kravs” zogadi metrikuli tenzori 

νμ
g , misi 

warmoebulebi ki gansazRvraven am velebis kovariantul  warmoebulebSi 
Semaval afinuri bmulobis koeficientebs (ix. I-II-(36)). amasTan erTad Cven 
gaviTaliswineT, rom invarianuli qmedebis asagebaT saWiroa TviT 
infinitizemaluri sivrce-drois moculobis xd 4  kovariantuli gansazRvra. 

advilad Sesamomwemebelia (ix. I-II, amocana 10), rom  es moculoba ar aris 
invarianti zogad-kovariantuli gardaqmnebis mimarT magram kombinacia   
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                                                                    ( ) xdxg 42/1][–
    

                                     (3)  

   

(sadac g metrikuli tenzoris determinantia) invariantuli sididea5. 
   Aanalogia miRebul qmedebasa (2) da eleqtromagnituri 
urTierTqmedebas Soris (ix. II-III-(30))  TvalSisacemia. marTlac, iq gvaqvs 
eleqtromagnituri veli 

μ
A , romlis wyaros warmoadgens Senaxvadi deni 

μj , aq ki metrikuli tenzori
νμ

g  , romlis wyaroa, rogorc dawrmundebiT 

male, aris tenzoruli sidide μνT , romelic brtyeli dro-sivrcis zRvarze 
gadadis Senaxvad energia-impulsis tenzorSi T . 
    amrigad Cndeba seriozuli gancda, rom metrikuli tenzori 

νμ
g  

swored is pirveladi sididea, romelic fundamenturad gansazRvravs 
gravitaciul urTierTqmedebas - ise rogorc eleqtromagnituri veqtor-
potenciali 

μ
A gansazRvravs eleqtromagnitur urTierTqmedebas. amasTan, 

Tu Cven ganvixilavT metrikas )(xg
νμ

 rogorc fizikur vels maSin srul 

gravitaciul lagrnJianSi, garda metrikisa da (danarCeni) velebis 
urTierTqmedebisa, unda Sediodes am TviT )(xg

νμ
-velis kinetikuri wevric. 

es wevri SeiZleba davadginoT Tanaxmad sivrce-drois simrudis Tvisebisa, 
romelic asaxulia Sesabamis simrudis sidideebSi – rimanis tenzorSi 


R , 

riCis tenzorSi 
νρ

R  an riCis skalari (ix. I-II-(30,32,37)).  maT Soris mxolod 

riCis skalaria invarinatuli zogad-kovariantuli gardaqmnebis mimarT. 
amitom swored is iqneboda umartivesi arCevani metrikuli velis 
kinetikuri wevrisTvis.  
 
 
b) gravitaciuli lagranJiani da qmedeba (pirveli Sexeba) 
 
   amrigad gamomdinare yovelive zemoTqmulidan mivdivarT zogad 

gravitaciul qmedebasTan (c=1) 
 

                      
 











 ,...),,(

2

2
)(– 2/14 Ag

R
gxdSSS MMgr 

                           (4)                                                                     
 

 

                                                           
5
 niSani “-” fesvqveS gamoxatavs metrikuli tenzoris )(xg

νμ

Sesabamisobas minkovskis 

tenzorTan 
νμ

η  ( 1–=det
νμ

η ) brtyel sivrceSi gadasvlis dros. 
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sadac κ - gravitaciuli urTiertqmedebis konstantaa, romelic 
dakavSirebulia (adre Semoyvanil, ix. II-5) niutonis konstantastan, Gκ 2= .  
Ggarda riCis skalarisa Cven CavrTeT gravitaciis lagranJianSi 
 

                         



2

2
)(




R
ggr                                                           (5) 

 
nebismieri mudmivac, e.w. kosmologiuri konstanta  , romelic aseve 
daSvebulia zogad kovariantuli gardaqmenbiT. rogorc vxedavT, sruli 

gravitaciuli lagranJiani Mgr    qmedebis integralis qveS saocrad 

martivi da universaluria. amasTan, is akmayofilebs ZiriTad dinamiur 
pirobas - metrikis moZraobis gantoleba Semofarglulia meore rigis 
warmobulebiT (ix. qvemoT), rogorc es aris danarCeni velebisTvisac 

M -

lagranJianSi. 
   Aam qmedebis integrals (4) uwodebenHhilbert-ainStainis qmedebas. is 
gansazRvravs metrikis moZraobis gantolebebs - anu ainStainis 
gantolebebs.  
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2. ainStainis gantolebebi – axali warmoCena. 
 
 
     moviTxovoT axla Tanaxmad qmedebis minimalurobis principisa rom 
sruli gravitaciuli qmedeba (4) stacionarulia metrikis 
infinitizemaluri gardaqmnis mimarT  
 

                   
)()()( xgxgxg  
                       (6)

 

anu 

                   0][
2/12/12/14   Mgrgr gggxdS             (7) 

 

(i) amrigad Cven pirvel rigSi dagvWirdeba metrikasTan 
 dakavSirebuli sidideebis varireba, kerZod (amocana 1) 

 

     
  gggg   ,   

  gggg
2121

2

1 //)(             (8a)  

                    
         

         
  









gg
g

g
gg

g

g 21

21

2

1 /

/)(
, 









                 (8b)                  

 
     

     (ii) Semdeg -  

                      )(
2

1





 


 RgRggr       (9)                               

 
pirveli wevri aq ar warmoadgens problemas, meore ki moiTxovs garkveul 
daTvlas. Tanaxmad riCis tenzoris zogadi saxisa (I-II-(32)) is SeiZleba 
gaiweros afinuri bmulobis kovariantul warmoebulebSi (amocana 2)                     

                           


















  ;;;; )()()(  gggRg     
sadac Cven gamoviyeneT, rom metrikuli tenzoris kovariantuli 
warmoebuli yovelTvis nulia (ix. I-II-(34)). Oorive wevri bolo tolobaSi 



157 

 

 

 

warmoadgens faqtobrivad zogadi kontravariantuli veqtoris 

kovariantul divergencias, 

;V .  aseTi divergencia udris 

 

             







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



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V
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V
V 


















1

2

1
,;                     (10) 

 
sadac Cven gamoviyeneT afinuri bmulobis formula I-II-(36) da  
Tanafardoba  

                    g
xg

g
x

gg 














 1
ln,                                   (11) 

 
amrigad Cven vxedavT rom riCis tenzoris variaciasTan dakavSirebuli 
wevri (9)-Si daiyvaneba saxemde (10), rac qmedebis integralSi Casmis Semdeg 
iZleva mxolod zedapirul efeqts gausis Teoremis Tanaxmad 
 

                                         









  VgdVg
x

xdVgxd 



  

4

;

2/14
 .                                      (12) 

 
es efeqti ki nulovania gamomdinare qmedebis varirebis pirobidan – velebis 
variaciebi da TviT velebic qrebian usasrulo moculobis zedapirze. Ees 
niSnavs rom wminda gravitaciis lagranJianis variaciidan (9) mxolod 
pirveli wevri izleva aranulovan wvlils6.  

     (iii) da bolos materialuri velebis lagranJianis M  variaciis 
Sesaxeb. Tu gavaerTianebT mas metrikis determinatis mamravlTan, 

  MM g 
2/1

'   (ix. (7)) da ise daviTvliT variacias miviRebT   
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              (13)                    

    
 

                                                           
6
 winaRmdeg SemTxvevaSi Cven miviRebdiT mesame rigis warmoebulebis wevrebs metrikis moZraobis 
gantolebaSi. 
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sadac bolo wevri  warmodgens veqtoris srul divergencias da isev 
Tanaxmad gausis Teoremisa (12) ar iZleva wvlils qmedebis integralSi.  

    amrigad roca SevkrebT yvelafers (i, ii, iii) erTad miviRebT 
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sadac bolo wevri Seesabameba materiis energia-impulsis tenzoris analogs 
mrude rimanis sivrce-droSi  
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     .                              (15) 

 
 
amrigad imis gaTaliswinebiT rom metrikis variacia  xg   nebismieria 

sabolood vRebulobT ainStainis gantolebaTa sistemas 
 

                      2 μννμνμ κgRR T/   .                    (16) 

 

rogorc vxedavT am gantolebebidan, scoredD tenzori 
μνT  warmoadgens 

gravitaciuli velis fundamentur wyaros.   
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3. energia-impulsis tenzori da psevdotenzori. 
 
 

a) Mmaterialuri velebis energia-impulsis tenzori 
 

    davwrmundeT axla rom tenzori  μνT  (15) gansazRvravs materialuri 
velebis energia-impulsis tenzors brtyel dro-sivrcis zRvarSi. marTlac, 

yvela Tavisufali materialuri velisaTvis lagranJiani Mς'  damokidebulia 
mxolod metrikul tenzorze da ara mis warmoebulze, ris gamo formula 
(15) iZens gansakuTrebiT martiv saxes 
 

                     


 

g
g M






 '
T / 21

2   .                     (15‟) 

                    
    ganvixiloT magaliTisaTvis Tavisufali skalaruli da 
eleqtromagnituri velebis lagranJiani. imis gaTaliswinebiT, rom 
skalaruli velis kovariantuli warmoebuli emTxveva Cveulebriv 
warmoebuls, , ;  , xolo veqtoruli velisaTvis kovariantuli rotori 

ki udris Cveulebriv rotors                         
   

         




 ,,,,;; )( AAAAAAAA                     (17) 

 

erTaderTi ganzogadoeba brtyelidan mrude sivrceSi gadasvlisas aris 
metrikuli tenzorebis Secvla )(xg   . Aamrigad, am velebis 

lagranJiani mrude sivrceSi iqneba   
 

        



  FFgg

m
ggM

4

1

22

1 2
2

/'                  (18)

   
 

sadac  ,, AAF  .  rogorc velodiT, es lagranJiani ar Seicavs 

metrikuli tenzoris warmoebulebs7, ris Sedegad formulidan (15‟) da 

                                                           
7
 rogorc SeiZleba davinaxoT, Tu skalaruli velisaTvis es garemoeba trivialuri faqtia, 
eleqtromagnituri velisaTvis is erTmniSvnelovnad dakavSirebulia am velis yalibur bunebasTan (anu mis 

4-rotoris F  saxiT warmoCenasTan lagranJianSi)  – sxvanairad toloba (17) ar Sesruldeboda.  
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zemoT moyvanili tolobebis (8b) gamoyenebiT vRebulobT am velebis 
energia-impulsis tenzorebs  
 

             







 2

2

22

1
 

 m
gg–)(T

 

                                                                 
(19) 

             





 FFgFFA
4

1
 –)(T  

 
romlebic brtyel sivrceSi (

 )(xg ) gadadian cnobil   

gamosaxulebebSi (ix. MmagaliTad II-III-(31)).  
      amasTan xazgasasmelia, rom gansxavebiT brtyeli sivrcis energia-
impulsis tenzorisa T  tenzori T  ar aris Senaxvadi sidide Tumca ki 
misi kovariantuli warmoebuli nulis tolia. marTlac, rogorc vaCveneT 
wina TavSi (ix. III-I-(6,7,7‟)) ainStainis gantolebis (16) marcxena mxare 
udris nuls roca misgan viRebT kovariantul warmoebuls (avRniSnoT, rom 
kosmologiuri wevri gantolebaSi TavisTavad qreba am operaciis dros 
radgan metrikuli tenzoris kovariantuli warmoebuli yovelTvis nulia 
(I-II-(34))). Aaqedan am gantolebis marjvena mxaris kovariantuli 
warmoebulic unda gvaZlevdes nuls, anu    
                       

                        0 



 ;TT    .                        (20) 

 
    is garemoeba rom materialuri velebis (da aseve nawilakebis) energia-
impulsi TavisTavad ar inaxeba gamoxatavs fundamentur faqts, rom 
gravitaciul velSi mkacrad unda inaxebodes moxolod jamuri – 
materialuri da gravitaciuli velebis – energia da impulsi (gasagebia, 
rom mxolod am pirobebSi SeiZleba visaubroT erTian Caketil sistemaze). 
rom dawrmundeT amaSi unda jer SemoviyvanoT Sesabamisi tenzori 
graviatciuli velisaTvis.  
                               
                 

 b) Mgravitaciuli velis energia-impulsis psevdotenzori 
 
    davakvirdeT ufro detalurad gravitaciuli velis qmedebas, romelic 
mocemulia gamosaxulebaSi (4). sainteresoa, rom miuxedavaT imisa rom is 
Seicavs metrikis meore rigis warmoebulebs (warmodgenil riCis skalarSi, 
I-II-(30,32,37)), ainStainis gantolebebSi (16) ar Sedian meore rigze maRali 
warmoebulebis wevrebi. Aamis mizezia is rom TviTon riCis  tenzori, 
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rogorc vnaxeT ((ix. zemoT (ii)), ar izleva wvlils qmedebis variaciaSi. es 
niSnavs, rom gravitaciis  qmedeba Tvisobrivad damokidebulia riCis 
skalaris  mxolod im nawilze 

0
R , romelic Seicavs metrikis tenzors da 

mis pirveli rigis warmoebulebs  
 

         gr
gr xd

R
gxd

R
gxdS  





 ')(–)(– // 



40214214

2

2

2

2

               (21)                       
 

meore rigis warmoebulebis wevrebi ki R-Si daiyvaneba srul 
warmoebulebis wevrebamde, romlebic

 
 qmedebaSi (21) ar iZlevian wvlils 

                      

              


WRgRg  0

2121 // )(–)(–                                              (21a)
 

  
 sadac  

                 )( 















  gR
0

                                                          (21b)
 

                        
 
     amasTan erTad mniSvnelovania gvesmodes, rom gansxvavebiT  

R -isagan 
0

R , da mTlianad lagranJiani gr'  

  

                                                                   



2

2
021 


R

ggr

/)(–'                                            (21c) 

 
 

aRaraa WeSmariti skalari8 (Tumca ki qmedeba (21) invariantulia 

ganurCevlad imisa R-s vwerT integralis qveS Tu 0
R -s). amrigad am 

lagranJianidan agebuli gravitaciuli velis energia-impulsis tenzori 
iqneba faqtobrivad psevdotenzori, romelic arakovariantulad icvleba 
roca erTi aTvlis sistemidan gadavdivarT meoreSi (ix. damatebiTi 
komentariebi am punqtis bolos). miuxedavaT amisa mxolod am 
arakovariantuli sididis gaTvaliswinebiT SeiZleba laparaki sruli 
energia-impulsis Senaxvaze mrude sivrce-droSi. 
    mTliani sistemis – garvitaciuli veli plius materia – energia-
impulsis tenzori CndebaDmaSin roca, rogorc adre (ix. II-III-5), vsaubrobT 
Caketil sistemaze, romelSic 4-koordinata 

x  ganixileba rogorc 

                                                           
8
 Ees gamomdinareobs  iqidan  rom   afinuri bmulobis koeficientebi 

   0
R -Si (21b) ar gardaiqmnebian 

rogorc tenzorebi miuxedavad kovariantuli saxisa (ix. I-II-(21). 
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cikliuri cvladi. Aamitom sruli lagranJianis ' = gr' + M'   warmoebuli 

am koordinatis mimarT iqneba 
    

                            




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
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
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


g

g
g

gx
         (22) 

 
sadac   aRniSnavs yvela Sesazlo materialur vels  = ...,,  A   aqedan Tu 

gamoviyenebT gravitaciuli velis da materialuri velebis moZraobis 
gantolebebs 

                 0















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                                                                                                                                                                                    (23)                                                                                                                                     

                                                    0

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miviRebT sruli energia-impulsis Senaxvis gantolebas 
 

             
 

0



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
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





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aq       

                 grgg
g

t '
'

,
.


 






 




                        (25) 

 
Ggravitaciuli velis energia-impulsis psevdotenzoria, xolo  
 

                       Mg '
'

T ,
,




 





 




                                                                 (26) 

 
materialuri velebis energia-impulsis tenzori, romelic skalaruli da 
eleqtromagnituri kerZo SemTxvevebisaTvis Rebulobs saxes (19). Arogorc 
velodiT,  maTi jami mkacrad inaxeba mrude sivce droSi  
 

                        0 + t 



)T( 



x

      .                                                                (27) 
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    SevajamoT Cveni ganxilva. Ggravitaciuli velis wyaros warmoadgens 
materialuri velebis tenzori  T  mrude sivrceSi. es tenzori 
gansxvavebiT misi “brtyeli” analogisa T  ar aris  Senaxvadi sidide – is 
inaxeba mxolod jamSi gravitaciuli velis energia-impulsis 
psevdotenzorTan (25). Aam sididis arakovariantuli buneba warmoadgens 
Teoriis seriozul problemas, radgan zogadaT SeuZlebelia gravitaciuli 
velis energiis calsaxa gansazRvra – erT aTvlis sistemaSi mas SeiZleba 
hqondes erTi mniSvneloba, meoreSi ki srulebiT gansxvavebuli. amasTan 
dakavSirebiT bunebrivia kiTxva – xom ar jobda agvego gravitaciuli 

velis energia-impulsis tenzori sruli riCis skalaris (R) gamooyenebiT 

lagranJianSi (21c) da ara misi “Sekvecili” versiiT ( 0
R ). maSin, ra Tqma 

unda es sidide iqneboda namdvili tenzori, Tumca ki damokidebuli meore 
rigis warmoebulebis wevrebze metrikis mimarT. Mamis gamo is verasodes ver 
migviyvanda srul Senaxvad energia-impulsis tenzoramde materialuri 
velebis tenzorTan erTad.  A 
    amrigad zogadaT Cven gvaqvs alternativa gravitaciuli velis 
energia-impulsisaTvis – an Senaxvadi psevdotenzori an araSenaxvadi 
tenzori.  sabednierod, brtyeli gravitaciuli talRisaTvis (ix. III-I-4) es 
ori moTxovna (kovariantoba plius Senaxvadoba) Tavsebadia – misi energia-
impulsi yovelTvis aRiwereba Senaxvadi tenzoriT. marTlac, daviTvaloT 

Tanaxmad formulebisa (21b,c) da (25) am tenzoris zogadi saxe   
 

              grgggggt '))(( , 












        .       (25a)   

  
 
miviRoT axla, rom metrikuli tenzori am gamosaxulebaSi mxolod erTi 

cvladis 30 xxX   funqciaa (anu talRa vrceldeba dadebiTi 3x -
koordinatis mimarTulebiT). maSin mas (harmoniuli yalibrebisa (III-I-(15‟)) 
da 0


,

, XX  pirobis gaTvaliswinebiT) eqneba martivi da aSkarad 

kovariantuli saxe   
   

       ),( ,,
,,

,
,

,
,
















 ggggggggggt 










2

1

2

1

 
.   

(25b)
       

                        
 

 
amrigad yvela “brtyeli” koordinatuli gardaqmnebisas (ix. III-I-(21)), 

romlebic toveben metrikas erTi cvladis (X) funqciad, 


t  gardaiqmneba 

rogorc WeSmariti tenzori (amocana 6). Sedegad - gravitaciuli brtyeli 
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talRis energia calsaxaT gansazRvrulia da es energia sinaTlis siCqariT 

gadaitaneba z-RerZis mimarTulebiT.  
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4. eleqtrogravitacia – unifikaciis cda.  
 

 

 
 eleqtromagnitur da gravitaciul urTierTqmedebebs Soris 
mravalmxivi anlogiidan – am urTierTqmedebebis yaliburi buneba,  
erTnairi statikuri zRvari da sxva - ibadeba kanonzomieri SekiTxva: 
SeiZleba Tu ara rom eleqtromagnituri urTierTqmedebac Cndebodes 
metrikidan iseve rogorc gravitaciuli, anu wminda geometriul 
safuZvelze? 
 kaluza-klainis modelis (1921) Tanaxmad es, rogorc Cans, 
SesaZlebelia damatebiT ganzomilebian sivrce-droSi. Aam modelSi 
ganixileba 5-ganzomilebiani samyaro, romelic aRiwereba metrikuli 
tenzoriT 
 

                     53210 ,,,,,~ BAg BA        .                    (28)      

 
Aam tenzorSi miRebulia Semdegi gaigiveba 
 

       55
g~   ,     AAgggAggg 555555

~~,~~~              (29) 

  
sadac A  - eleqtromagnituri velia, xolo 

g  - 4-ganzomilebiani 

qvesivrcis metrikuli tenzori. zogadaTEes 5-ganzomilebiani samyaro 
SeiZleba warmovidginoT cilindris saxiT, romlis gverdiTi zedapiri 
Seesabameba Cven 4-ganzomilebian sivrce-dros, xolo mexuTe ganzomileba ki 

– cilindris wrewirs, romlis radiusia 5r .  Tanamedrove monacemebiT es 

radiusi ar SeiZleba iyos sagrZnoblab meti vidre  
1710

 sm. 
      4-ganzomilebiani qmedebis (4) pirdapiri ganzogadoebiT 5-  
ganzomilebian SemTxvevaSi gveqneba (kosmologiur konstantas 
simartivisaTvis ar ganvixilavT) 
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                          
~
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2

215

5

R
gxdS                        (30)                          

 

sadac R
~  aris 5-ganzomilebiani riCis skalari BA

BA gRR ~~~
 . 

miviRoT axla, rom 
g  da 

A  damoukidebelia mexuTe 

koordinatisagan ( 5x ) da metrikis 55
g~ -elementi konstantia. Aamas garda, 

rogorc avRniSneT zemoT, mexuTe ganzomileba sasruli zomisaa da 

moqceulia zemcire 5r  radiusis cilindrSi. aqedan - zemoTmoyvanili 
metrikis komponentebis CasmiT 

5S -qmedebaSi (30)  da  integrirebiT 5x -
koordinatis mimarT - pirdapir  vRebulobT 
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sadac g da R 4-ganzomilebiani sidideebia, F  - maqsvelis velis 

daZabuloba. maTi urTierTqmedebis konstantebi gamoisaxebian rogorc 
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5
2 rg

e
r 






 

                   (32)                           

     
    araCveulebrivad sainteresoa, rom sakmaod martivi da bunebrivi 
daSvebis pirobebSi aSkarad iCens Tavs eleqtromagnituri da gravitaciul 
urTierTqmedebebis erTiani geometriuli warmoSobis meqanizmi. Bbolo 
aTwleulebis ganmavlobaSi am SesaZleblobam miiqcia seriozuli 
yuradReba (sxva urTierTqmedebebTanac mimarTebaSi) – gansakuTrebiT e.w. 
simebis TeoriebSi sadac damatebiT ganzomilebebi am Teoriebis erTerTi 
bunebrivi ingredientia. 
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amocanebi. 
 
 

1. miiReT variaciis formulebi E(8a,b).  
miTiTeba: meore formulis gamosayvanaT jer daamtkiceT da mere 

gamoiyeneT zogadi Tanafardoba   MSpMM  1detln  , romelic 
samarTliania nebismieri matricisaTvis. 
 

2. aCveneT, rom 
 

           





















 
;;;

 gggRg  

 

3. ipoveT 5 ganzomilebiani afinuri bmulobebi A

CB  mocemuli metrikuli 

tenzoris komponentebis meSveobiT. 
 

4. ipoveT 5-ganzomilebiani rimanis tenzori, misgan ki riCis tenzori da 
sabolood riCis skalari. 
 

5. aCveneT, rom 5-ganzomilebiani energia-impulsis tenzoris ABT  CarTvas 

5S  qmedebaSi mivyevarT erTdroulad Cveulebriv 4-ganzomilebian 
gravitaciul da eleqtromagnitur urTierTqmedebebTan, sadac 
pirvelis wyaroa energia-impulsis  tenzori T , xolo meoresi ki - 

eleqtromagnituri deni j . 
 

6. miiReT formulebi (25a,b) gravitaciuli velis energia-impulsis 
psevdotenzorisaTvis.  aCveneT  rom brtyeli talRis SemTxvevaSi 

(25b) is gardaiqmneba rogorc WeSmariti tenzori erTganzomilebiani 

koordinatuli gardaqmnebis )(' 30 xxxx     mimarT  
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III. zogadi fardobiTobis Teoriis  
                          ZiriTadi gamoyenebebi 
 
 
 
 

1. strategia. 
 
 

 

 Cven vxedavT, rom ainStainis gantolebebi dawerilia sivrce-drois 
iseTi fundamenturi maxasiaTeblebisTvis, rogoricaa metrikuli  tenzoris 

 xg 
 komponentebi. Zogadi fardobiTobis Teoria es pirveli magaliTia 

fizikaSi, roca sistemis sabaziso gantolebebi ase fundamenturad 
dakavSirebulni arian droisa da sivrcis zogad geometriul 
maxasiaTeblebTan. axla Cven gvinda daviTvaloT es maxasiaTeblebi. mas 
Semdeg rac isini gvecodineba, Cven maT gamoviyenebT fizikuri sistemis 
moZraobis gantolebaSi. ainStainis gantolebebi zustad an saimedo 
miaxloebiT SeiZleba amoixsnas fizikuri sistemis mxolod SezRuduli 
klasisaTvis da mxolod maTTvis SegviZlia gavakeToT garkveuli da 
calsaxa daskvnebi. 
 CvenTvis sabednierod am gantolebebs aqvT amoxsna sferuli sxeulis 
gravitaciuli velisaTvis an, zogadad, gravitaciuli masebis statikuri 
ganawilebisTvis, romelsac gaaCnia sferuli simetria. es ki samyaroSi 
tipiuri SemTxvevaa, romelic - sxva mraval SemTxvevasTan erTad - 
mogvevlineba iseTi cnobili magaliTiT rogoricaa mzis planetaruli 
sistema. amrigad, SegviZlia vTqvaT, rom bunebam uxvad “Seamzada” iseTi 
magaliTebi, romlebic warmoadgenen TiTqmis zust Teoriuli models da 
romelTaTvisac arsebobs calsaxa amoxsna. 
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2. SvarcSildis sivrce-dro. 
 
 
a) centraluri simetria. 

 

 cxadia, rom sferuli sxeulis gravitaciul vels gaaCnia sferuli 
simetria. amitom sivrce-drois intervalSi Semavali metrikuli tenzori 

 xg 
 unda iyos erTi da igive yvela wertilSi, romlebic ganlagebulia 

statikurad gravitirebadi sxeulis centridan erTi da igive manZilze. 
amasTan erdaT am metrikuli tenzoris elementebi – gamomdinare 
ganxilvadi sistemis arsidan – ar arian damokidebuli droze. 
 rogorc viciT brtyeli minkovskis sivrce-drois 2ds  intervals 
gadawerils sferul koordinatebSi aqvs saxe 
 

               2222222222 sin  dcddrdrdtcds                 (1)              
                       
 zogadad, roca vixilavT mrud sivrces, magram sferuli simetria 
SenarCunebulia, mosalodnelia axali funqciebis warmoqmna 2ds -Si, 

romlebic damokidebulia mxolod r manZilze. aseT ganzogadoebas SeiZleba 
hqondes mxolod Semdegi saxe: 
 

                    2222222 sin  ddrrCdrrBdtrAds               (2)   
           

gasagebia rom usasrulo did manZilebze r  yvela es funqcia AA(r), 

BB(r) da C(r) 1  ise rom am zRvarze Cven gvaqvs Cveulebrivi brtyeli 
minkovskis sivrce.  
    zogadaT SesaZloa intervalSi (2) gvqondes agreTve aradiagonaluri 
wevric  drdtrD . Mmagram igi SeiZleba gamovricxoT, Tu zogad 
kovariantobasTan TanxmobaSi gadavalT axal droze:  rttt  , sadac 
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 r  aris manZilis nebismieri funqcia. Sesabamisad drois diferencialSi 

gvaqs dr
dr

d
tddt


 . am gamosaxulebis CasmiT 2ds -is gamosaxulebaSi gveqneba: 

  

      

       

      2222

222

2

2

rdrCdrrBtdrA

dr
dr

d
tddrrDdrrCdrrBdr

dr

d
tdrAds










 








 


        (3)   

sadac  

                          
dr

d
rDrB

dr

d
rArB










 


2

,  

 

xolo Φ funqcia SerCeulia ise, rom  
 

                          
 
 rA

rD

dr

d

2

1



 . 

  
Cven gadavediT axal droze, magram agreTve SegviZlia axal manZilzec 

gadasvla (ara gvaqvs ufleba mxolod kuTxeebis θ da φ-s Secvlisa radgan 

maTze sferuli simetria ar vrceledeba). vTqvaT   22 rrCr  , maSin miviRebT 
yvela SesaZlebelidan erT umartives formas:  

 

            22222  drrdrBtdrAds     2222 sin  ddd        (4)               
                        

an rac igivea (Strixebis gareSe)  
 

                     22222  drdrrBdtrAds   .                     (5) 
 

A(r) da B(r) funqciebisTvis mosaxerxebelia  avirCioT axla axali 

cvladebi      erBcerA  2 ,  sadac ν da λ manZilis (r) funqciebia, xolo c 

ki sinaTlis siCqare. maSin 
 

                     222222  drdredtceds    .                  (6)   
                   
aqedan metrikuli tenzoris komponentebisaTvis vRebulobT  
 

       
 222

00 sinrgrgegeg rr                (7) 
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da Sesabamisad 
 

        22200 sin  rgrgegeg rr  .          (7‟)    
 
aranulovani afinuri bmulobebi gamosaxuli metrikuli tenzoris 
komponentebiT cnobili formulis Tanaxmad (leqciebi, nawili II, Tavi II) 
 

                    


 ,,,
2

1
gggg                                  

miiReben saxes (Strixi qvemoT niSnavs diferencirebas r-is mimarT, xolo 

wertili ct-is mimarT) 
                  

                






 er

r

r

rr
222

00

0

0   

                                                           

               
r

erre rr

rr 1
sin 2   









            (8)    

               

222

0

000

0



    r

rrr
e

  

  

               
 





 ctg cossin  

 
xolo danarCeni komponentebi nulia. 
 axla roca napovnia afinuri bmulobebi SegviZlia ganvsazRvroT riCis 
tenzoris komponentebic Tanaxmad formulisa (leqciebi, nawili II, Tavi II) 
 

                  


















  ,,RR  .                         

 
am tenzoris aranulovani komponentebis daTvla, kerZod komponentebisa 
 
                      ?

00
R                               (9)                    

                      ?
rr

R                              (10)                  

                      ?


R                              (11)              

                      ?


R                              (12)        
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warmoadgens am Tavis erTerT savarjiSo amocanas (amocana 1) 
 
        

b) SvarcSildis amoxsna. 
 
 centraluri masiuri sxeulis gareT ara gvaqvs nivTiereba da 
Sesabamisad energia-impulsis tenzori ainStainis gantolebebis marjvena 
mxareSi cariela sivrcisaTvis unda iyos 0T . Sesabamisad ainStainis 

gantolebebi iqneba  
 

                   00
2

1
  RRgR .  

 
es, ra Tqma unda, ar niSnavs rom ara gvaqvs gravitacia. amisaTvis saWiro 
iqneboda gacilebiT ufro Zlier piroba, anu sruli rimanis tenzoris 
“ganuleba” 
 

                               0
R . 

 
es gasagebia eleqtrodinamikasTan analogiidanac. marTlac, 
eleqtromagnituri veli arsebobs (Tavisufali velis saxiT) eleqtruli 
muxtebis gareSec. is fizikurad ar arsebobs mxolod maSin roca misi 

daZabulobis tenzori nulis tolia, anu 0F . magram gansxvavebiT 

Tavisufali eleqtromagnituri velisagan Tavisufali gravitaciuli veli 
cvlis, rogorc davwrmundebiT male (ix. qvemod) dro-sivrcis geometriul 
Tvisebebs.  
    amrigad, Cven gvaqvs Cveulebrivi gravitaciuli veli gamowveuli  
sferulad simetriuli da statikurad gravitirebadi masiuri sxeuliT. Tu 
aviRebT 000 R  da 0rrR  ( 0R  da 0R  pirobebi avtomaturad 

dakmayofilebulia), maSin 
 

                         0
11

22












rrr
e


                       (13a)                                 

 

                         0
11

22












rrr
e


                      (13b)    
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am ori tolobis SekrebiT miviRebT 0'   rac niSnavs maTi integrirebis 
Sedegad, rom 

1const . es mudmivi SeiZleba ganisazRvros   0r   da 
  0r  pirobebidan, rac Seesabameba brtyel 4-sivrces usasrulo did 

manZilebze. radgan am zRvarze unda gvqondes minkovskis metrikuli 
tenzori vRebulobT rom 01 const  da   . am oridan romelime erTis 
gardaqmniT da integrebiT miviRebT: 
 

          








 0

11
22 rrr

e
                                  (14a) 

                                   011re          
 

               e
r

const
econstrrere

dr

d
  2

2 1,,1  

 
sadac, rogorc viciT, 0,   roca r . Aaxla vipovoT 

2const . am 
konstantis sapovnelad gamoviyenoT gantoleba (7)  
 

                       
r

const
eg 2

00 1 
,                         (14b) 

 
romlis tanaxmad susti velis miaxlovebaSi (anu did distanciebze) man 

unda migviyvanos niutonis potencialamde )(rV , anu aqedan 
 

          
  Gmconst

r

Gm
cVhg 221/211 2

2

0000  .         (14c) 

 

sadac 
m  - centraluri sxeulis masaa. amrigad gantolebebi srulad 

amoxsnilia da dro-sivrcis intervalisaTvis sferuli statikuri sxeulis 
mier gamowveul gravitaciul velSi sabolood vRebulobT 
 

               
22222

1

222 11 dcdrdr
r

r
dtc

r

r
ds

gg






















            (15)                         

 
sadac sidides  

                              
2/2 cGmrg                         (15‟)                

 

ewodeba masiuri sxeulis (masa 
m ) gravitaciuli an SvarcSildis radiusi 

im mecnieris saxelis aRsaniSnavad, romelmac pirvelma 1916 wels miiRo es 
amoxsna. avRniSnoT rom es radiusi Zalian mcireaD- dedamiwisTvis is 1 sm-ia, 
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mzisaTvis 3 km, protonisTvis 5210 sm. sainteresoa rom intervals (15) gaaCnia 
singularoba swored am radiusis tol manZilze. aseTi araCveulebrivia am 
sivrce-drois geometria, romelsac Cven ufro detalurad davakvirdebiT 
qvemoT. 
 
 
 
 
 
 

3. dro da manZili masiuri sxeulis maxloblad 
 

 
a) gravitaciuli wiTeli wanacvleba 

 
 movaTavsoT damkvirvebeli masiuri sxeulis maxloblad. misi sakuTari 
dro   dakavSirebulia msoflio drosTan Semdegi TanafardobiT 

                          dt
r

r
d

g

2/1

1 












   

 
da amitom icvleba ufro nela manZilis SemcirebasTan erTad anu roca 

grr  . 

 drois cvlileba damokidebuli masiur sxeulTan siaxloveze SeiZleba 
dakvirvebul iqnas (am cvlilebiT gamowveul) atomuri speqtraluri 
xazebis wanacvlebis Sedegad. vTqvaT, gamomsxivebeli atomi moTavsebulia 

atr  manZilze gravitirebad sxeulidanD da daikvirveba obsr  manZilze am 

sxeulidan. dauSvad, rom sinaTlis sxivi gamosxivda att  drois momentSi da 

miRebul iqna obst  momentSi, xolo meore sxivi gamosxivda atat tt   da 

dafiqsirda obsobs tt  . radganac metrika ar aris droze 

t damokidebuli am ori sxivis gza absoluturad 

erTnairia. avirCioT sinaTlis mimarTuleba x-RerZis 
gaswvriv da vaCvenoT orive sxivis moZraoba sivrce-
drois diagramaze. radgan sxivi moZraobs erTi da igive 

siCqariT c am ori gamosxivebis (pulses) dros Cven gvaqvs 
Seasbamisi drois intervalebisaTvis 

  

                      
   

pulse
nd

pulse
st

atatobsobsatobs tttttt

21


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anu                

                            ttt obsat                         (16)               
                    
rac niSnavs rom drois intervalebi or gamosxivebasa da or dafiqsirebas 
Soris erTnairia. Ameores mxriv, advilad dasanaxia rom maTTan 
dakavSirebuli sakuTari drois intervalebi sruliad gansxvavebulia: 
 

                        t
r

r

at

g

at 














2/1

1                           (17)                                  

                        t
r

r

obs

g

obs 














2/1

1   .                      (18)   

                               
es ki Tavis mxriv iwvevs Semdeg Tanafardobas gamosxivebuli da miRebuli 
sxivebis sixSireebs Soris: 
 

                      
 

 

2/1

1

1

1

1



































obs

g

at

g

at

obs

at

obs

r

r

r

r








  .                   (19)                                            

 

Tu gaviTvaliswinebT, rom zogadaT 
obsgatg rrrr  ,  da amasTan obsat rr    

(es ki, rogorc wesi, ganpirobebulia TviT eqsperimentiT – magaliTad, 
ganvixilavT atomis gamosxivebas momavals mzidan an varskvlavidan) maSin 
sixSiris fardobiTi wanacvlebisaTvis vRebulobT 
 

            0
11

2
1

1

1

2/1









































atatobs

g

obs

g

at

g

at

obsat

r

GM

rr

r

r

r

r

r








           (20)            

 
am movlenas uwodeben gravitaciul wiTel wanacvlebas radgan, rogorc 
vxedavT, igi yovelTvis uaryofiTia, anu Cven vimzerT naklebi sixSiris (ese 
igi ufro grZeltalRovan) gamosxivebas Soreuli gravitirebadi 
obieqtidan. zogadaT es wanacvleba ar aris didi (Tumca eksperimentulad 

dakvirvebadia). magaliTad, mzis zedapirze myof atomisaTvis (rodesac atr  
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mzis radiusis       ( m8107  ) tolia, mzis SvarcSildis radiusi 
gr  ki 3km) 

es fardobiTi wanacvleba sul 510 rigisaa. 
 
 
     b)Aaraevkliduri geometria 

 

 ganvixiloT axla  SvarcSildis sivrce-drois t=const kveTa (fena). 
maSin manZili fizikur obieqtebs Soris ganisazvreba intervalis im nawiliT 
romelicaa (ix. (15)) 

                    22222

1

2 sin1  ddrdr
r

r
dl

g















                (21)    

                   
es ki, rogorc vxedavT, araevkliduri sivrcea rac uSualod 
gamomdinareobs im faqtidan rom SedarebiT evklidur sivrcesTan  ( 0gr ) 

radialuri manZili am sivrceSi izrdeba roca 
grr  . marTlac, radialuri 

manZili or wertils Soris iqneba ara 
12 rr  , aramed 

 

          
  
























 

1

2
122/1

ln
22

1
1

/1

2

1

2

1

2

1
r

rr
rr

r

r
dr

rr

dr
dr

dr

dl
r

g

r

r

g

r

r g

r

r

eff        (22)        

 
sadac intervalis gamosaxulebidan (21) gamomdinare Cven gamoviyeneT rom 
fiqsirebuli radialuri mimarTulebisaTvis  
  

                   d = d =0,   drdl /   2/1
/1


 rrg      

 
da fesvis mwkvrivad daSlis dros davtoveT mxolod pirveli rigis 

wevrebi  rrg / <<1.      

   radialuri manZilis zrda (22) SvarcSildis sivrce-droSi niSnavs 
imavdroulad rom wrewiris sigrZis Sefardeba mis efeqtur radiusTan 

effRl /0
 aRaraa 2 . davrwmundeT amaSi. ganvixiloT wrewiri centraluri 

sxeulis ekvatorul sibrtyeSi: misi polaruli kuTxea 
2


   da radialuri 

koordinati r.  am wrewiris sigrZe aris  
 

                         rd
d

dl
dll 





2

2

0

0                         (23) 
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sadac isev intervalis gamosaxulebidan (21) gamomdinare Cven gamoviyeneT 

rom fiqsirebuli r-kordinatisa da polaruli kuTxis mniSvnelobebisaTvis 
 

                                         d =dr = 0,   ddl / r 
 

Cven vxedavT rom wrewiris sigrzZe dakavSirebulia mis r-koordinatTan 
Cveulebrivad, anu ise rogorc wrewiris sigrzZe radiusTan evklidur 
geometriaSi. Ees ar aris gasakviri radgan kuTxuri nawili SvarcSildis 

intervalSi igivea rac evklides intervalSi. ganvsazRvroT axla r-
kordinanatis mniSvneloba. amis pirdapir gakeTeba SeuZlebelia radganac 

2dl  intervalis gamosaxuleba (21) samarTliania mxolod masiuri sxeulis 
gareT. miuxedavaT amisa Cven SegviZlia SevadaroT ori 

1r  da 
2r  

koordinatebis (“radiusebis”) mqone wrewirebi, radgan maTi sigZeebis 
sxvaobaSi masiuri sxeulis savaraudo efeqti unda Seikvecos. iseve rogorc 
evklides geometriaSi, SvarcSildis sivrceSic ori wrewiris sigrZeebs 
Soris sxvaoba aris  
 

                        
     12

1

0

2

0 2 rrll                           (24) 
  
magram, miuxedavad imisa rom formula (24) sworad asaxavs wrewirebis 
sigZeebis sxvaobas, sidide 

12 rr   am formulaSi  ar aris WeSmariti 
radialuri manZili am or koordinats Soris – is rogorc viciT, moicema 
formuliT (21). Tu gavyofT axla erTs meoreze miviRebT sabolood  
 

                     

   















1

2

12

1

0

2

0 ln
2

1
12

r

r

rr

r

r

ll g

eff

  .                (24‟)                                 

 
amrigad, imis gamo rom centralur-simetriul gravitaciul velSi 
radialuri manZilebi izrdeba xolo wrewiris sigrZe ar icvleba, gvaqvs 

standartuli 2π mniSvnelobis  mcire Semcireba wrewiris sigrZis 
SefardebaSi mis efeqtur radiusTan. Ees gadaxra marTlac zalian mcirea. 

magaliTad, mzis sistemaSi - Tu 
1r  mzis radiusia ( m8107  ), 

gr  misi 

SvarcSildis radiusi ( m3103 ), xolo 
2r  ki merkuris orbitis didi 

naxevarRerZi ( m10105.5  ) - maSin es Sesworeba formulaSi (24‟) gamodis 710  
rigisa. amitom bevr SemTxvevaSi mzis sistema SeiZleba adekvaturad 
aRiweros evklides geometriis farglebSi. 
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4. nawilakis traeqtoria  
                    masiuri sxeulis maxloblad.     

 
 
 sacdeli nawilakis centralur gravitaciul velSi moZraoba 
SeiZleba kargi miaxloebiT ganvixiloT niutonis meqanikis farglebSi 
relativisturi Sesworebebis gaTvaliswinebiT. Cven zogadi eiler-
lagranJis gantolebebis amoxsnis nacvlad, jer ganvsazRvravT moZraobis 
integralebs (rogoricaa energia da kuTxuri momenti) da Semdeg gadavalT 
hamilton-iakobis gantolebebze, romlis amoxsnis Sedegad miviRebT 
ainStainis Teoriis ZiriTad dakvirvebad Sedegebs centralur simetriul 
velSi – planetaruli orbitebis precesias da sinaTlis Suqis gadaxras 
masiuri sxeulis maxloblad. 
 
 

1) hamilton-iakobis aRwera:Mmokle ekskursi 
 

 Cven viciT (ix. leqciebi: nawili II, Tavi II), rom roca meqanikuri 

sistemis qmedebas (S) ganvixilavT rogorc droisa (t) da sivrculi ( ix ) 
koordinatebis funqcias, misi energia da impulsi gamoisaxeba qmedebis 
Sesabamisi warmoebulebiT 
                                   

                      
ii

x

S
p

t

S









 ,E                         (25)   

 
am Tanafardobebis Casma Tavisufali nawilakis energia-impulsis  
gamosaxulebaSi  

 

                   22cmpp 



   
22

22

2

1
cm

x

S

t

S

c i


























           (26)   
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gvaZlevs hamilton-iakobis gantolebebas Sesabamis relativistur 

SemTxvevaSi. ACven Semdgom gveqneba saqme am bolo gantolebis (26) 

kovariantul gamosaxulebasTan  
 

                           022 







cm

x

S

x

S
g



                     (27)                   

 

sadac metrikuli tenzori  g  gamoxatavs im faqts rom gravitaciuli 
velis ganxilvis dros Cven zogadaT vimyofebiT mrud sivrceSi (anasTan, 
radgan qmedeba skalaria misi kovariantuli warmoebuli Cveulebrivi 
warmoebulia). 
     Mmagram sanam gadavidodeT SvarcSildis sivrce-droSi 
zemoTdasaxelebuli movlenebis aRsawerad gavixsenoT jer ra zogadi 
Tvisebebi aqvs qmedebas roca nawilaki  moZraobs statikur centralur-
simetriul gravitaciul velSi. asset velSi, rogorc viciT,  moZraoba 

xdeba ekvatorul sibrtyeSi, romelic Seesabamema polarul kuTxes 
2


  . 

marTlac, centaralur velSi nawilakis kuTxuri momenti  
 

                   )3,2,1,,(  kjipxM kjijki                      (28) 

 

moZraobis integralia. Aaqedan skalaruli namravlis aRebiT 0iiMx  
vwrmundebiT es momenti yovelTvis perpendikularulia nawilakis 
koordinatebisa da radgan is inarCunebs Tavis minSvnelobasa da 
mimarTulebas nawilakis moZraoba mxolod erT sibrtyeSi xdeba. Mmeorec, 
Tu mavaTavsebT gravitirebad masiur sxeuls koordinatTa saTaveSi maSin es 
sibrtye ekvatoruli sibrtye iqneba.  Tu gadavalT Sesabamis sferul 

koordinatebSi (ekvatorul sibrtyis radialur koordinatze r da 

azimutaluri kuTxeze  ) kuTxuri momenti miiRebs saxes 
 

                                                         2mrM     .                                                   (29a)                                                         
 
garda kuTxuri momentisa, centralur velSi moZraobisas inaxeba nawilakis 
sruliDenergiac 

                    rUrr
m

mcEmcE cl 









 22222

2
                        (29b) 
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romelic Cven davwereT klasikur miaxlovebaSi Tumca ki misi uZraobis 
energiis gaTvaliswinebiT. marTlac, relativisturi  nawilakis sruli 

energia E kargi sizustiT aisaxeba am formuliT Tu misi klasikuri energia 

clE  gacilebiT naklebia mis uZraobis energiaze 2mc . Egasagebia, rom es 
miaxloveba Cvens SemTxvevaSi samarTliania radgan Cveni nawilakis 
moZraoba, romelsac Cven momavalSi gavaigivebT planetasTan, kargi 
sizusTiT klasikuria.    

    Aam moZraobis integralebis (29a,b) gaTaliswinebiT sawyisi 
Tanafardobebi (25) – amjerad drosa da azimutaluri kuTxisaTvis 
(ekvatorul sibrtyeSi) 
 

                       










S
M

t

S
,E                        (25‟) 

 
gvaZleven saSualebas piradpiri integrirebiT davadginoT qmedebis saxe 
centralur-simetriul velSi 
 

                   ),,( MErSMtES r                      (29c)                          
 

sadac funqcia 
rS  (warmoCenili rogorc integrirebis konstanta t-sa da  -is 

mimarT) qmedebis (jerjerobiT) ucnobi radialuri nawilia. amasTan, radgan 

dro t da azimutaluri kuTxe   Cveni sistemis cikluri cvladebia (anu isini 
pirdapir ar Sedian sistemis lagranJiansa an hamiltonianSi) maTi 

wanacvleba qmedebaSi (29c) nebismieri mniSvnelobebiT ar unda cvlides 
sistemis dinamiur Tvisebebs. Aamrigad, Cveni qmedebis zogadi saxe 
centralur-simetriul velSi iqneba 
 

                   ),,()()( MErSCMCtES rt              (29d)             

     

sadac tC  da 
C  swored es SesaZlo konstanturi wanacvlebebia. GavRniSnoT, 

rom amasTan erTad  qmedeba, rogorc moZraobis integralebis funqcia, 

unda akmayofilebdes eqstremumis porobas srul energiasa E da kuTxuri 

momentis M mimarT. Ees niSnavs, rom nawilakis moZraoba xorcieldeba im 
energiiTa da kuTxuri momentiT, romelTaTvis qmedebas aqvs eqstremaluri 
(minimaluri) mniSvneloba. aqedan vRebulobT    
   

                  
E

r C
E

S
t

E

S










0

                 (29e)                                       
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 C

M

S

M

S r 








0  

          
sadac pirveli gantoleba gansazRvravs nawilakis radialuri funqciis 

droze damokidebulebas r(t), meore ki nawilakis traeqtorias r( ). 
 
 
 

b) planetaruli orbitebis precesia 
  
  axla droa gaviTvaliswinoT TviT sivrce-drois Tvisebebic 
centralur-simetriul gravitaciul velSi, romelSic moZraobs Cveni 
nawilaki. Sesabamisad, SvarcSildis metrikis SemTxvevisaTvis (ix. formula 
(7) wina leqciebSi) hamilton-iakobis gantoleba (27) miiRebs saxes 
 

            0
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S

rr

S

r

r

tc

S

r

r gg


  .          (30) 

  

aqedan gantolebis (29d) gamoyenebiT miviRebT qmedebis radialuri 
nawilisaTvis, rom 
 

              
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2

2

2

11  .           (31)      

           
 
gadavideT gamosaxulebaSi (31) axali radialuri koordinatze rTanaxmad 
tolobisa 
 

                            

 

g

g

g

rr
r

r
rr

rrrr

2

1
)1( 2/1

2





                   (32)              

 
sadac ( rrg / )-is mimarT davtoveT mxolod piveli rigis wevri. Aaqedan, da 

amasTan erTad Cveni nawilakis (planetis) ara-relativisturobis 

gamoyenebiT (ix. (29b)), vRebulobT sabolood   
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2//1
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2
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31
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











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









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






  g

clr

rcm
M

rr

mGm
EmdrS               (33)            

 

sadac Cven gamoviyeneT gantoleba 2/2 cGmrg   (15‟) da movacileT Strixi 

radialur koordinats ( rr  ).  
     sainteresoa, Tumca ki mosalodneli, rom  gamosaxuleba (33) 
ZiriTadaT emTxveva Sesabamis wminda klasikuri moZraobis formulas 
 

                       
2/1

2

2

2 









r

M
rUEmdrS cl

cl

r                   (34)                                         

 
statikuri potencialis velSi,   rmGmrU /  (

m  centraluri sxeulis 
masaa). gansxvaveba am or SemTxvevas Soris praqtikulad gulisxmobs 
mxolod Secvlas: 

                        

)(

222

2

)(

2

2

3

Einstein

g

Newton

rcm
MM     .               (34‟)                       

 
magram, rogorc davinaxavT kvemoT, es patara cvlileba iwvevs 
principulad axal movlenas, romelsac uwodeben planetebis orbitebis 
precesias, anu maTi traeqtoriebi aRaraa zustad elifsuri rogorc es 
aris niutonis meqanikaSi, aramed maTi orbitebic ganicdian mcire trials. 
SevCerdeT am movlenaze ufro detalurad. 
     upirveles yovlisa SevniSnoT, rom 2M kuTxuri momentis Sesworeba 

(34‟)-Si, Tumca ki proporciulia mcire 2

gr -sididisa, Seicavs iseT did 

faqtors rogoricaa 22cm , anu planetis uZraobis energiis kvadrats. 
amitomacaa es Sesworeba mniSvnelovania.   
     Semdeg, planetis traeqtoria ganisazRvreba, rogorc avRniSneT zemoT 

(ix. (29e)) gantolebiT  
 

                            C
M

Sr 



  .                         (35)       

 
(

C  - nebismieri konstantaa, romlis mniSvneloba SeiZleba davadginoT 

raime sawyisi an sasaRvro pirobidan). amrigad, varskvlavis garSemo 
planetis moZraobisas azimutaluri kuTxis sruli cvlileba iqneba  
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                         rS
M





      .                      (35‟) 

 

Tu axla davSliT 
rS  (33) mwkrivad 2

gr -is propociuli wevris mimarT 

miviRebT 
rS -saTvis  

                

                      4

222

4

3
g

cl

rgcl

rr rO
M

S

M

rcm
SS 






             
 (36)                                      

 

sadac cl

rS  aris cl

rS -is klasikuri nawilis (34) cvlileba. am klasikuri 
nawilis Seesabamisi traeqtoria ki aris, rogorc viciT, namdvili elifsi. 
es niSnavs, rom mis mier gamwveuli kuTxis cvlileba planetis sruli 
mobrunebisas iqneba  

                      2



 cl

r

cl S
M

 

 
amrigad relativisturi SesworebiT gamowveuli damatebiTi kuTxuri 
cvlileba ainStainis TeoriaSi iqneba 
 

                     2

222222
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
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






   .           (37)                    

                   
es swored is kuTxea, romelic gansazRravs klasikuri elifsuri orbitis  
trials maSin roca planeta akeTebs erT srul brunvas varskvlavis 
garSemo. aRsaniSnavia, rom kuTxuri momentis Senaxvis gamo orbitis 
precesia xdeba igive brunvis sibrtyeSi, romelSic moZraobs planeta.  

      Tu gamosaxuleba (37)-Si CavsvavT 2/2 cGmrg  (sadac m - varskvlavis 

masaa, m ki planetis masa) da gamoviyebeT formulas (ix. amocana 2)  

                          222

2

1

1

eacM

mGm




                      (38)                             

                     

(a – planetis orbititaluri elifsis didi naxevarRerZi, e – 
eqscentriteti) vipoviT wlis manZilze planetis precesiis kuTxis 
mniSvnelobas eleganturi formulidan  
                     

                         2222
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
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 avRniSnoT, rom planetebis orbitebis precesia, kerZod merkuris 
orbitis precesia, eqsperimentulad iqna aRmoCenili jer kidev XIX 
saukuneSi. magram misi bunebrivi axsna - Tu ara sxvadasxva tipis 
ekzotikuri hipotezis meSveobiT, mag. masaTa specifikuri ganawilebiT 
planetis maxloblad da a.S. - ver moxerxda niutonis meqanikis farglebSi. 
Mmeoresmxriv, am precesiis kuTxis mniSvnelobebi miRebuli formula (39)-is 
gamoyenebiT STambeWdav TanxvedraSia dakvirvebebTan (amasTan dakavSirebiT 
ix. amocana 3). 
 

g) sinaTlis sxivis gadaxra masiuri sxeulTan. 
 

      axla ganvixiloT sinaTlis sxivis traeqtoria centralur-
simetriul gravitaciul velSi. amjerad, rogorc Cans, Cven faqtobrivad 
unda ganvixiloT umaso nawilakis traeqtoria, radgan sinaTlis sxivi 
umaso Tavisufali nawilakebis – fotonebis -  erTobliobaa da amrigad 
misi traeqtoria iseTivea rogoricaa am sxivis calkeuli fotonis 
traeqtoria.  gamomdinare aqedan Cven kvlav gamoviyenebT hamilton-iakobis 
aRweras (ix. zemoT) Tumca ki ori mniSvnelovani gamonaklisis 

gaTvaliswinebiT: (1) nawilakis (anu fotonis) masas m yvela ZiriTad 

gantolebaSi (27, 30, 31) viRebT nulis tolad da (2) misi energia E 
(warmodgenili am gantolebebSi) aris sruli relativisturi energia, 

romlisaTvis miRebuli zemoT klasikuri miaxloveba (29b) aRar “muSaobs”. 

amasTan erTad sidide M aRaraa pirdapiri gagebiT “kuTxuri momemnti”, 
aramed fotonis moZraobis erTerTi integralia.D 
     amrigad qmedebis radialur nawilis eqneba Semdegi saxe: 
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SemoviyvanoT axali cvladi EcM /  da kvlav gamoviyenoT radialuri 

cvladi 2/grrr   (ix. (32)). maSin ( '/ rrg
)-is rigis wevrebis sizustiT 

miviRebT (Tan movaciloT Strixi radialur koordinats, rr  )  
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sadac pirveli integrali Seesabameba, rogorc male davinaxavT, klasikur 
sworxazovan traeqtorias, xolo meore ganapirobebs sinaTlis gadaxras. 
 sinaTlis sxivis (anu fotonis) traeqtoriis sapovnelad unda isev 

mivmarToT zogad gantolebas (35), romelic  -cvladis gamoyenebiT miiRebs 
saxes  

                            


 C
S

E

c r 



   .                      (35‟) 

 
saidanac 

rS  qmedebis (41) pirveli da meore integralidan vRebulobT 
Sesabamisad 
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A 

sadac simartivisaTvis Cven orive integrirebis konstanta SevkveceT 
C -

konstantasTan. aqedan Cans  rom brtyeli (minkovskis) dro-sivrcis 
miaxlovebaSi    ( )0gr  Cven vRebulobT wrfis gantolebas polarul 

koordinatebSi (φ,r)  

                             
r


 cos     .                                              (43)  

 

es wrfe moTavsebulia ρ manZilze wyarodan da (x,y)-sibrtyeSi y-RerZis 
paraleluria. Aamrigad, pirveli wevri (42)-Si Seesabameba sinaTlis sxivis 
sworxazovan gavrcelebas, meore wevri ki, rogorc Cans, ganapirobebs mis 
gadaxras centraluri sxeulis mimarT. 
     daviTvaloT axla am gadaxris sidide. vTqvaT, sinaTlis sxivi modis 

Soreuli distanciidan R centralur sxeulamde, anu masTan uaxloes 

wertilamde r=ρ , da kvlav Sordeba mas aseTive did manZilze R. MmaSin 
Tanaxmad gantolebisa (42)  kuTxis-is sruli cvlileba iqneba  
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radgan zogadaT  R >>ρ  sabolood vRebulobT damajerebeli sizustiT, 
rom 
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


gr2

                            (45)                     

 
saidanac SvarcSildis radiusis gamosaxulebis  Casmis Semdeg sinaTlis 
gadaxris kuTxisaTvis varskvlavis (kerZod, mzis) mimarT gamodis  
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
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c

Gmrg                          (46)                                            

 
rac SesaniSnav TanxvedraSia gazomvebTan (ix. Aamocana 4). 
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5. Savi da TeTri xvrelebi:  
             cali mimarTulebiT moZravi nawilakebi.    

  
 

a) mokle preambula     
 

    Cven aqamde vixilavdiT nawilakis moZraobas SvarcSildis sivrce-
droSi did manZilze centraluri sxeulisagan, saxeldobr manZilze, 

romelic bevrad aRemateba mis gravitaciul radiuss, 
grr  , rac  

bunebrivia im amocanebisTvis, romlebsac Cven vikvlevdiT, kerZod 
planetebis moZraobisaTvis da sxva. amasTan erTad, SvarcSildis metrikis 
singularoba centraluri sxeulis gravitaciis radiusze (ix. (15)) ar 
iZleva saSualebas am ganxilvis pirdapiri ganzogadoebisa mcire manZilebze  

grr  .   rogorc Cans, Cven dagvWirdeba arsebuli suraTis seriozuli revizia 

am manZilebze. armoCndeba rom es singularoba dakavSirebulia imasTan rom 

standartul drois t- cvlads aRar aqvs fizikuri azri gravitaciuli 
radiusis rigis manZilebze da is unda Seicvalos axali cvladiT. Ees ki 
migviyvans iseTi sivrce-drois areebis arsebobaze, romlebic an mxolod 
“STanqaven” materias da sinaTles (Savi xvrelebi), an ki mxolod asxiveben 
maT (TeTri xvrelebi). 

 
 

b) nawilakis energia-impulsi SvarcSildis sivrce-droSi – 
xarisxobrivi ganxilva. 
  

    warmovidginoT simartivisaTvis, rom centraluri sxeuli miuxedavad 

didi masisa (
m ) wertilovani obieqtia. Cven gvainteresebs am sxeulis 

velSi sacdeli (aseve wertilovani da m-masis mqone) nawilakis moZraoba. 
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Uufro konkretulad, Cven gvainteresebs am nawilakis radialuri moZraoba, 
romelic aRiwereba ori sakoordinato cvladiT - droiT )(t  da 

radialuri manZiliT )(r  - romlebic TavisTavad nawilakis sakuTari drois 

( ) funqciebia. amrigad Cven faqtobrivad gvaqvs 1-ganzomilebiani moZraaoba 
SvarcSildis (1+1) ganzomilebian sivrce-droSi, romlis intervalia  

                212222 11 drrrdtcrrdc gg


 //                 (47) 

 

rasac uSualod vRebulobT Tu movacilebT zogad intervals (15) Cveni 1-

gazomilebiani ganxilvisaTvis umniSvnelo kuTxur nawils, dΩ = 0 .  
  

    zogadaT, rogorc viciT, Tavisufali nawilakis moZraobasA 
gravitaciul velSi aRwers kovariantuli lagranJianiT (ix. II-II-5) 
 

                              

              
τd

τdx

τd

τdx
τxmgL

νμ

μνgr

)()(
))((

2

1
=

                                          (48) 

 

Sesabamisi 4-impulsi ki  TanafardobiT 

 

                








d

dx
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L
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

     .                      (49)  

 aqedan vRebulobT 
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2
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1

1

2

20









         (50)             

 

      
sadac Cven gamoviyeneT Tanaxmad intervalisa (47) kavSiri sakuTar da 

laboratorul droebs Soris (impulsi p da siCqare v Seesabameba 
nawilakis radialur moZraobas). rogorc vxedavT, nawilakis 4-impulsi 
sagrZnoblad icvleba gravitaciuli radiusis maxloblad. Mmiuxedavad 

amisa misi dispersiuli Tanafardoba 22cmpp 
  inaxeba, raSic SegviZlia 

pirdapir dawrmundeT 
 

          2222

0

1 cmppppgpp   


                                  (51) 
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(sadac Cven gamoviyeneT  metrikuli tenzoris komponentebisaTvis rom 
1

00

00  gg  da 
1 rr

rr gg ). Ges ar aris gasakviri radgan 4-impulsis kvadrati 
lorencis jgufis invariantia, relativisturi simetria ki aranairad ar 
irRveva SvarcSildis sivrce-droSi.   
    Eenergia-impulsis gamosaxulebidan (50) SeiZleba davadginoT is 
manZilebi, sadac SvarcSildis metrika arawinaRmdegobrivad “muSaobs” 
mixedavaT Tavisi singularobisa. marTlac, 4-impulsis komponentebis (50) 
realuri mniSvnelobebisaTvis saWiroa rom sruldebodes piroba 

 

                       0
1

2

2





c

v
                                                    (52a) 

 
rac gvaZlevs am manZilebis SesaZlo areebs 

 

              
cv

r
rr

cv

r
r

g

g

g

/1
,

/1 



  .                     (52b) 

 
rogorc Cans, es manZilebi damokidebulia nawilakis siCqareze. Tu es 
siCqare didia (v ~ c)  maSin es manZilebi an bevrad aRemateba graviatciul 
radius, 

grr   (pirveli utoloba) an ki am radiusis naxevaris rigisaa, 

2/~ grr  (meore utoloba). ara-relativisturi nawilakebisaTvis (v << c)  es 

pirobebia Sesabamisad an 
grr   an ki    

grr  .  Aanu zogadaT nawilaki an Sorsaa 

gravitaciuli radiusidan an yovelTvis (
gg rr 2/ )-rgolis SigniTaa. 

aRsaniSnavia, rom meore SemTxvevaSi nawilakis energia uaryofiTia, rac 
niSnavs, rom nawilaki qmnis bmul mdgomareobas centralur sxeulTan. 
   amrigad, nawilaks SeuZlia gavides mcire manZilebze, maT Soris TviT 

gravitaciul radiuszec gr , magram es manZilebi ultrarelativisturi 

naiwilakisTvisac ki metia vidre am radiusis naxevari 2/gr .   

 
  

g) nawilakis moZraobis gantoleba SvarcSildis sivrce-droSi.   
  

ufro zust informacias nawilakis moZraobis Sesaxeb SvarcSildis sivrce-
droSi miviRebT Tu uSualod ganvixilavT mis moZraobis gantolebas. Ees 
gantoleba miiReba, rogorc viciT, sawyisi lagranJianis (48) varirebiT da 
faqtobrivad warmoadgens nawilakis geodeziuris gatolebas  (ix. nawili 
II, Tavi II, p.5) 
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                     0=Γ+
2

2

τd

dx

τd

dx

τd

xd σρ

μ

ρσ

μ

      .                (48‟) 

 

es gantoleba drois komponentisaTvis ( ctx 0 ),  sadac                               
 
              

,
/, rrr

r
gg

g

g

rrr 


1

1

22

1
200

000

0

0

0





       (48‟‟) 

 
danarCeni bmulobis koeficientebi ki ar iZlevian wvlils sferuli 
simetriis SemTxvevaSi (ix. zemoT (8)), Rebulobs saxes 

 

                   
   0/1  trr

d

d
g


                         (53)                    

(wertilovani warmoebuli aq da qvemoT niSnavs warmoebuls sakuTari 

drois mimarT). M 

    meore gantolebas, romelic aseve akavSirebs t da r cvladebs  

miviRebT  uSualoT  SvarcSildis intervalidan (48) - Tu gavyofT mis 

orive mxares sakuTari drois kvadratze
 

 

                                  rrctcrrr gg /1/1 22222                                      (54) 

 
am gantolebis diferencirebis da pirveli gantolebis (53) gamoyenebis 
Sedegad vRebulobT sabolood 

 

                                       22

2

2

1

r

Gm

r

r
cr

g 







        .                                    (55) 

 
es gantoleba, rogorc vxedavT, zustad igive saxisaa rac gantoleba, 
romelic aRwers ara-relatisturi klasikuri nawilakis  moZraobas 
niutonis potencialSi (erTaderTi gansxvavebaa, rom aq drois parametri 
nawilakis sakuTari droa niutonis absoluturi drois magivrad)9.   
    rogorc viciT, am gantolebis amoxsnisas araviTari problemebi ar 
Cndeba, anu nawilaki SeiZleba gavides nebismier wertilSi, maT Soris 

                                                           
9
 Ees damTxveva srulebiT relativistursa da ara-relativistur aRweras TavisTavad saintereso faqtia.  
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wertilSic 
grr  . davwrmundeT amaSi gantolebis pirdapiri amoxsniT. 

movZebnoT es amoxsna Semdegi zogadi saxiT 
   

                                               
 )()( BAr                                                 (56) 

 
Tu CavsvamT axla am amoxsnas gantolebaSi 

 

                                                       
22 )()1(   BABr      

 
gautolebT Sesabamis sidideebs 

                   grcB 22

2

1
)1(   

 
SemoviyvanT sazaRvro pirobas rogorc  

 

                                                      
Arr  0)0(  

 

da moviTxovT orive wevrisTvis (56)-Si manZilis ganzomilebas  (α=2/3),   

miviRebT sabolood 
 

                                             
3/22/12/3

0 )
2

3
()(  gcrrr     .                                           (57) 

         

       Aam amoxsnis Tanaxmad drois sawyis momentSi (=0) nawilaki 

gadis wertilze 0r . amasTan,  dadebiTi niSani Seesabameba gareT mimaval 
nawilaks, uaryofiTi ki SigniT MimarTuls. amaSi advilad davwrmundebiT, 
Tu daviTvliT nawilakis siCqares am drois momentSi  
 

                         2/1

0/)0( rrcr g                                                (58) 

 
nawilaks, rogorc Cans (57)-dan,  marTlac SeuZlia Semovides wertilidan 

0rr   wertilSi grr    sasrul droSi 

 

                         2/1

2/32/3

0

3

2

g

g

cr

rr 
                           (59)      

 
ase rom nawilakis sakuTari drois mimarT aranairi problema ar Cndeba.  
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    magram vnaxoT axla damkvireblis drois ra monakveTs t  Seesabameba  
sakuTari dros intervali  (59). rogorc gamomdinareobs gantolebis (53) 
erTjeradi integrirebis Sedegidan (integrirebis konstantas virCevT 1-is 
tolad simartivisaTvis)  
 

                        
rr

d
dt

g /1




                           (60)
 

 

es dro, rogorc Cans, unda usasrulod izrdebodes roca 
grr  .  zusti 

pasuxi  t-s sasrulo mniSvnelobisaTvis miRebulia qvemoT, ix. (62).Eamrigad 
miuxedavad imisa rom nawilaki dabrkolebis gareSe gadis gravitaciul 
radiusze mas sWirdeba amisTvis usasrlod didi koordinatuli (anu 

damkvireblis) dro t, rac fizikurad gaugebaria. gamondinare aqedan 
SeiZleba vifiqrod, rom SvarcSildis metrikis singularoba wminda 
koordinatuli singularobaa da Tu gadavalT sxva koordinatebze, kerZod 
sxva koordinatul droze es singularoba SeiZleba gaqres. Aamaze 
gvafiqrebinebs is faqtic rom es singularoba ar gaaCnia sivrce-drois 
simrudis maxasiaTemblebs – arc riCis skalars da arc riCis tenzoris 
komponentebs (9-12) (ix. Aamocana 1).   
 
 
  Dd) dro mcire manZilebze. 
 
    imis dasadgenad ra saxe unda hqondes axal koordinatul dros 
vaintegrirod gantoleba (60) bolomde  
  

              





g

g

g rr

drr
ctr

rr

d
t

2/3
2/1

/1



                 (61) 

 

sadac Cven gamoviyeneT gantoleba r-koordinatisTvis (57), romlis Tanaxmad  

                         
cr

drr
d

g

2/1

2/1


    . 

 
aqedan integralis (61) pirdapiri aRebiT mivdivarT sabolood 
gamosaulebamde  
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ggg
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sadac, rogorc iTqva zemoT, dadebiTi niSani Seesabameba gareT mimaval 
nawilaks, uaryofiTi ki SigniT MmimarTuls. 
   Aam Tanafardobidan SeiZleba davinaxoT ra “tipis” dro unda 
SemoviyvanoT, rom SevkvecoT misi logariTmuli singularoba. magram, 
rogorc Cans, SeuZlebelia aseTi drois Semoyvana erTbaSad orive – gareT 
mimarTuli da SigniT mimarTuli – nawilakisaTvis. es dro principulad 
sxvadasxva saxis unda iyos am ori SemTxvevisaTvis. marTlac Tu Cven 

SemoviyvanT drois u-parametrs 

                      )1ln( 
g

g
r

r
rrctu                      (63a) 

 
masSi, rogorc advilad sanaxavia (62)-is CasmiT, ikveceba singularoba 
SigniT mimarTuli nawilakisaTvis (niSani “-” (62)-Si), anu 
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drois alteranatiuli w-parametrSi ki 
 

                    )1ln( 
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g
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rrctw

   
                    (63b)             

 
ikveceba es singularoba  gareT mimarTuli nawilakisaTvis (niSani “+” (62)-
Si)  
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             (63b‟)
 

 
maTTan dakavSirebuli intervalebic, rogorc SeiZleba uSualod 

davwrmundeTD (63a,b)-s CasmiT (47)-Si, aseve ara-singularuli arian: 
 

                     dudrdurrdc g 2/1 222    ,                                     (64a) 
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                                      dwdrdwrrdc g 2/1 222      .                                    (64b) 

 
amrigad Cven vxedavT rom drois cvladebis specialuri SerCeviT SeiZleba 
gavaqroT metrikis singularoba gravitaciul radiusze, Tumca ki mas rCeba 

bunebrivi singularoba r=0 wertilSi (dakavSirebuli centraluri 
gravitaciuli velis specifikasan).  

     drois axali cvladebi u da w iyo Semoyvanili edingtonis mier gasuli 
saukunis 30-wlebSi, magram maTi fizikuri arsi sabolood daadgina 
finkelstainma 1958 wels, razec Cven detalurad visaubrebT qvemoT. 
Mmiuxedavad imisa rom arsebobs drois (da sivrcisac) sxva 
parametrizaciebic (lemetris, kruskal-Sekersis da sxva) edington-
finkelstainis parametrizacia SedarebiT ubralo da gamWvirvalea. 
       Dd) Savi da TeTri xvrelebi. 
 
   ganvixiloT drois axal cvladebSi sinaTlis yofaqceva gravitaciul 

radiusTan mimarTebaSi. sinaTlis sxivi, romlisaTvis intervalebi (64) 

nulovania, anu 0d , akmayofilebs pirobas  
 

                                              0du    ,    u = const  
  

pirveli intervalisTvis (64a) an  
 

                    0dw  ,  w = const  
  

meore intervalisTvis (64b)
10

.  Tu axla - amis gaTvaliswinebiT - 

gavadiferincirebT gantolebebs (63a,b) davinaxavT, rom did r-manZilebze  

sadac “Zveli” cvladi t sworad gansazvRas dros, sxivis koordinaturi 
siCqareebia Sesabamisad 
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c
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10

 Ees pirobebi faqtobrivad warmoadgenen sinaTlis sxivis geodbeziurebis gantolebebs mocemuli 
intervalebisTvis. 
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sadac pirveli Tanafardoba warmoadgens SigniT mimarTul sinaTlis sxivs, 
xolo meore – gareT mimarTuls. A amrigad Cven gvaqvs ori SesaZlo are 

gravitaciuli radiusis SigniT – erTi, romelic aRiwereba u-droiT da 

yovelTvis mxolod “STanqavs” sinaTles, da meore, romelic aRiwereba w-

droiT da yovelTvis mxolod “asxivebs” mas. pirvel ares uwodeben Sav 
xvrels, meores ki SeiZleba davarqvaT TeTri xvreli.  
     analogiuri argumentebis gamoyenebiT advilad vaCvenebT, rom es ori 
are arsebobs ara mxolod sinaTlisaTvis aramed masiuri nawilakebisaTvisac. 
marTlac, daviTvaloT am nawilakebis siCqareebi Tanaxmad formulebisa 

(63a’,b’). am Tanafardobebis diferencirebiT u-sa da w-s mimarT vRebulobT
 
 

Sesabamis siCqareebs ( dwdrVdudrV wu /,/  ) 
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saidanac vpoulobT am siCqareebis mniSvnelobebs sxvadasxva manZilebze  
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rogorc mosalodneli iyo, uV  siCqare  yvelgan mimarTulia SigniT, xolo 

wV  siCqare ki gareT, rac Seesabameba Savi da TeTri xvreli arsebobis 
pirobas zemcire manZilebze.D  F 
   zogadi fizikuri arsi am movlenisa swored mdgomareobs imaSi rom 
gansxvavebiT didi manZilebisa, sadac nawilaks aqvs radialuri siCqaris 
orive SesaZlo mimarTuleba, gravitaciuli radiusis rigis manZilebze es 
xdeba SeuZlebeli Tu ar gvinda rom koordinatuli (anu damkvireblis) 
dro usasrulod izrdebodes roca nawilaki uaxlovdeba gravitaciul 
sferos da kveTs mas. E 
      es  kavSiri didsa da patara manZilebs Soris kidev ufro mkveTrad 
gamoCndeba Tu aviRebT modificirebul edington-finkelstainis drois 
cvladebs 
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romlebic ara-singualaruli arian gr -wertilSi da amasTan erTad gluvad 

gadadian Cveulebriv koordinatul droSi t did manZilebze grr  . maTTan 

dakavSirebuli intervalebia  
 
   

  222/32222 ])/(/1[)/(2/1 drrrrrcdudrrrducrrdc gggg                (69a)                                                                                                       

 

                

   222/32222 ])/(/1[)/(2/1 drrrrrcdwdrrrdwcrrdc gggg   ,          (69b) 

                                                                                                                                            

  
romlebic aseve ara-singualaruli arian. amasobaSi roca mivdivarT didi 

manZilebisken es intervalebi, rogorc vxedavT, 2/3)/( rrg -rigis wevrebis 

sizustiT emTxvevian  SvarcSildis sawyiss intervals (47).  
     Tu gamoviyenebT axla am intervalebs sinaTlis sxivisTvis ( 0d ) 

miviRebT kvadratul gantolebebs  sxivis wuV , -siCqareebisaTvis   
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A 
am gantolebebis amonaxsnebisaTvis gvaqvs Sesabamisad 
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                                            (71b) 

 

saidanac Cans rom mcire manZilebze ( grr  ) uV -siCqare yovelTvis 

mimarTulia SigniT , xolo siCqare wV  ki gareT. amasTan erTad did 

manZilebze grr   es (erTi niSnis) siCqareebi gadadian koordinatul 

siCqareSi, romelsac gaaCnia orive SesaZlo mimarTuleba  
 

                      cVcV wu  ,                                                 (72) 

 

    rac exeba masiur nawilakebis wuV , -siCqareebs, maT kavSirs koordinatul 

siCqaresTan dtdrv /   
 

                         
dw

dt
v

dw

dr
V

du

dt
v

du

dr
V wu  ,                                 (73) 

                         

miviRebT Tu gavawarmoebT cvladebis gamosaxulebebs  (68a,b) u-s da w-s 

mimarT. amrigad Sefardebis (73) Tanaxmad vRebulobT 

 

                                          

rr

rr

c

v

v
V

g

g

wu

/1

)/(
1

2/3,





                                                                         (74) 

 
saidanac, iseve rogorc zemoT sinaTlis sxivis SemTxvevaSi, naTlad Cans 

rom mcire manZilebze ( grr  ) uV -siCqare yovelTvis mimarTulia SigniT , 

xolo siCqare wV  ki mimarTulia gareT. amasTan, did manZilebze ( grr  ) es 

siCqareebi gadadian koordinatul siCqareSi  
 

                        vVvV wu  ,                                                   (75) 
 
 romelsac gaaCnia orive SesaZlo mimarTuleba. marTlac,  
 

                                                            )/1()/(/ 2/1 rrrrcv gg                                                         (76) 
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rac  SeiZleba davadginoT gantolebis (62) gawarmoebiT koordinatuli t-
drois mimarT11. Ees siCqare, rogorc vxedavT, TavisTavad miiswarfis 

nulisken roca r .   
     Aaxla mokled Savi da TeTri xvrelebis fizikuri dakvirvebis 
mxareze. miuxedavad imisa rom Savi xvrelebis pirdapiri damzera  
warmoadgens garkveul problemas maTi iribi dakvirveba, rogorc uxilavi 
gravitaciis wyaroebisa,  srulebiT SesaZlebelia, rac sinamdvileSic xdeba 
mravali gravitaciuli “anomaliebis” Sesawvlis Sedegad. meores mxriv, 
bunebrivia Savi xvrelebis warmoSoba varskvlavebis gaciebisa da kolafsis 
Sedegad - roca varskvlavi kolafsirdeba sakuTari gravitaciuli radiusis 
zomamde is gadaiqceva Sav xvrelad. Mmagram yvela SemTxvevaSi Cven 
principulad ver vflobT informacias imis Sesaxeb ra xdeda 

graviataciuli gr -sferos SigniT, radgan arc nawilaki da arc sinaTlis 

sxivi ar gamodis mis gareT (maTi siCqareebi, rogorc vnaxeT, yovelTvis 
mimarTulia mxolod SigniT). M am sferos uwodeben SemTxvevaTa horizonts 
(event horizon), radgan Cven SegviZlia mivadevnoT Tvali nawilaks an 
sinaTles mxolod am manZilebamde – mere isini samudamoT “ikargebian” Sav 
xvrelSi.  
      gansxvavebiT Savi xvrelebisagan TeTri xvrelebis warmoSoba da 
arseboba, rogorc Cans, sakmaod problematuria, Tumca ki Zalian 
saintereso. Pseriozuli pasuxi kiTxvaze - Seesabameba TeTr xvrels raime 
saxis fizikuri realoba, Tu is mxolod Teoriuli artifaqtia – 
jerjerobiT ar arsebobs. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                                                           
11 avRniSnoT rom, miuxedavaT singularuli saxisa, siCqareebi (74) sinamdvileSi  singularuli ar arian. es 
moCvenebiTi singularoba ikveceba koordinatuli siCqariT (76).   
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amocanebi 
 
 

 
1. ipovneT riCis tenzoris aranulovani komponentebi (9-12) centralur-

simetriul velSi. ra saxe aqvs riCis skalars? darwmundiT rom 
SvacSildis singularoba ar gaaCnia  arc riCis skalars da arc riCis 
tenzoris komponentebs. 
 

2. ipoveT TavisufaliFnawilakis energia-impulsi dakavSirebuli 

edington-finkelstainis drois cvladebTan u da w. ra saxe aqvs 
dispersiul Tanafardobas? 
 

3. miiReT formula 

                     22

2

1

1

eaM

mGm


  

    (aq G - niutonis konstantaa, m  - raRac centraluri 

     sxeulis (mag., mzis) masa, m da M planetis masa da kuTxuri 

     momenti, a – didi naxevarRerZi, e - eqscentriteti). 
 

4. aCveneT, rom  -s precesia 100 dedamiwis wlis ganmavlobaSi aris 3.8‟‟ 
dedamiwisTvis da 43‟‟ merkurisTvis. gamoiyeneT parametris Semdegi 
mniSvnelobebi: 

             (1) gM 33102 
 

             (2) 017.0106.149 11  EarthEarth ecma  

             (3) 206.0109.57 11  MercMerc ecma  
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             (4) merkuri akeTebs 415 mobrunebas 100 weliwadSi. 
 

5. daiTvaleT, ras udris mzesTan sinaTlis gadaxris kuTxe. gamoiyeneT 
mzis masis mniSvneloba gm 33102 

. aCveneT Tu mzesTan gamavali 

sinaTlis sxivis parametri   mzis radiusis cmR 101095.6 
 tolia 

maSin 57.1  . 
 

6. aCveneT rom sferuli simetriis SemTxvevaSi (ix. (8)) ar sruldeba 

harmoniuli koordinatebis piroba 0


g .  ratom? 

 
7. ipoveT TavisufaliFnawilakis energia da impulis gaamosaxuleba 

dakavSirebuli cvladebTan (68a,b) da Sesabamisi dispersiuli 
Tanafardoba. 

8. aCveneT rom nebismieri TavisufaliFfotonisaTvis, romelic moZraobs 
centralur-simetriul velSi misi 4-impulsis drois 
“qvemo”komponenti 

0p  
mudmivia fotonis msoflio wiris gaswvriv. 

ipoveT rogor icvleba am velSi impulsis “zemo” komponenti 0p .
 

 
miTiTeba: gamoiyeneT geodeziuris gantoleba fotonisaTvis 
centralur-simetriul velSi. 
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(*)
12 

                                                           
12

 (*)  - arsebobs am wignebis rusuli Targmani 


